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SALEM NUMBERS AND ARITHMETIC HYPERBOLIC GROUPS 


VINCENT EMERY, JOHN G. RATCLIFFE AND STEVEN T. TSCHANTZ 


Abstract. In this paper we prove that there is a direct relationship between 
Salem numbers and translation lengths of hyperbolic elements of arithmetic 
hyperbolic groups that are determined by a quadratic form over a totally real 
number field. 


1. Introduction 

In this paper, a Salem number is a real algebraic integer A > 1 that is conjugate 
to and whose remaining conjugates lie on the unit circle. Salem numbers are 
of interest in many areas of mathematics including Diophantine analysis, harmonic 
analysis, dynamical systems, Coxeter groups, Fuchsian groups, knot theory, and K3 
surfaces. For surveys on Salem numbers, see m and |28) . 

Let A be an algebraic integer, let A be a number field, and let deg^(A) be 
the degree of the minimal polynomial of A over K. The degree of A is degQ(A). 
Salem numbers have even degree, and there are Salem numbers of every positive 
even degree. Usually Salem numbers have degree at least 4. However, we will 
allow Salem numbers of degree 2 for uniformity of terminology. Note that a Salem 
number A has degree 2 if and only if A + A“^ £ Z. 

Arithmetic hyperbolic groups are arithmetic groups of isometries of hyperbolic 
n-space A". The arithmetic hyperbolic groups of the simplest type are defined in 
terms of an admissible quadratic form over a totally real number field K on p. 217 
of [30]. The arithmetic hyperbolic groups of the simplest type form a large class 
of arithmetic hyperbolic groups that includes all arithmetic hyperbolic groups in 
even dimensions [30] . infinitely many wide-commensurability classes of arithmetic 
hyperbolic groups in all dimensions | 20 j . and all non-cocompact arithmetic hyper¬ 
bolic groups in all dimensions m- 

There are three types of isometries of iJ", namely elliptic, parabolic, and hyper¬ 
bolic isometries. An isometry 7 of A" is hyperbolic if and only if there is a unique 
geodesic L in A", called the axis of 7 , along which 7 acts as a translation by a 
positive distance £( 7 ) called the translation length of 7 . 

If F is an arithmetic group of isometries of iJ", then F is a discrete group of 
isometries of il" which has finite covolume if n > 1. If F is a discrete group of 
isometries of A” of hnite covolume, then F contains a hyperbolic isometry and most 
elements of F are hyperbolic. 

Let 7 is a hyperbolic element of a discrete group F of isometries of A". The 
axis L of 7 projects to a closed geodesic C in the hyperbolic orbifold iJ"/r. The 
translation length of 7 is a multiple of the length of C and equals the length of C if 
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and only if 7 is a primitive element of F, that is, 7 is not a proper power of another 
element of F. Every hyperbolic element of F is a power of a primitive hyperbolic 
element of F. Flence the set of lengths of closed geodesics in iF"/F is the set of 
translation lengths of primitive hyperbolic elements of F. 

In this paper, we show that Salem numbers are directly related to the translation 
lengths of hyperbolic elements of an arithmetic hyperbolic group of the simplest 
type. Our main results are Theorems 1 and 2 below which sharpen and generalizes 
to all dimensions results obtained by T. Chinburg, W. Neumann and A. Reid [53] 
in dimension 2 and 3. 

Theorem 1. Let F be an arithmetic group of isometries of hyperbolic n-space iF", 
with n > 1, of the simplest type defined over a totally real number field K, and let 
F*^^) be the subgroup ofT of finite index generated by the squares of elements o/F. 
Let 7 &e a hyperbolie element o/F, and let A = If n is even or j G F^^^, then 

X is a Salem number sueh that K C Q(A + A“^) and deg;^(A) < n + 1. 

Conversely, if X is a Salem number, and K is a subfield of Q{X + X~^), and n is 
a positive integer sueh that deg^^ (A) < n + 1, then there exists an arithmetic group 
F of isometries of iF" of the simplest type defined over K and a hyperbolic element 
7 m F such that X = 

Note that deg A = 2 in Theorem 1 only if Ff = Q. Theorem 1 has the following 
corollary with no restriction on dimension. 

Corollary 1. Let X be a Salem number. Then for each positive integer n, there 
exists an arithmetic group F of isometries of of the simplest type defined over 
Q(A + A“^) and a hyperbolic element 7 o/F such that X = e^^'^K 

The set Sd of Salem numbers of degree d has a least element by Lemma 3 of m- 
All non-cocompact arithmetic hyperbolic groups are arithmetic hyperbolic groups 
of the simplest type defined over Q m- For each positive integer n, let 

bn = min{log A : A is a Salem number with deg A < n -I- 1}. 

The next corollary follows from Theorem 1 and a sharp example for n = 2. 

Corollary 2. F/F is a non-cocompact arithmetic group of isometries of , with 
n even, and C is a closed geodesic in /T, then length(C) > bn, and this lower 
bound is sharp for each even integer n > 0. 

Let A be a Salem number, and let Ff be a subfield of Q(A -I- A“^), and let p{x) 
be the minimal polynomial of A over K. We say that A is square-rootable over K if 
there exists a totally positive element a oi K and a monic palindromic polynomial 
q{x), whose even degree coefficients are in K and whose odd degree coefficients are 
in y/aK, such that q(x)q{—x) = p(x^). 

Theorem 2. Let F be an arithmetic group of isometries of hyperbolic n-space FF", 
with n odd and n > 1, of the simplest type defined over a totally real number field 
K. Let j be a hyperbolic element o/F, and let X = . Then X is a Salem 

number which is square-rootable over K. 

Conversely, if X is a Salem number and K is a subfield of Q(A -I- A“^), and n 
is an odd positive integer such that deg^(A) <n-\-\, and X is square-rootable over 
K, then there exists an arithmetic group F of isometries of FF" of the simplest type 
defined over K and a hyperbolic element 7 m F such that X^ = 
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Any Salem number A is square-rootable over Q(A + A ^), and so Theorem 2 
implies the next Corollary, which improves Corollary 1 in odd dimensions. 

Corollary 3. Let X be a Salem number. Then for each odd integer n > 0, there 
exists an arithmetic group T of isometries of of the simplest type defined over 
Q(A + A“^) and a hyperbolic element 7 o/T such that As = 

For each positive integer n, let 

Cn = min{i log A : A is a Salem number with deg A < n + 1, 
which is square-rootable over Q}. 

The next corollary follows from Theorem 2 and a sharp example for n = 3. 

Corollary 4. IfT is a non-cocompact arithmetic group of isometries of , with 
n odd and n > 1, and C is a closed geodesic in /T, then length(C) > c„, and 
this lower bound is sharp for each odd integer n > 1 . 

Our lower bound, C 3 = .431277..., for the length of a closed geodesic in an 
arithmetic, noncompact, hyperbolic 3-orbifold iJ^/T agrees with the lower bound 
given in [23]. We thank Alan Reid for helpful correspondence in this regard. 

We say that Salem numbers A and pL are commensurable if there exists positive 
integers k and £ such that A^ = )/. Commensurability is an equivalence relation 
on the set of all Salem numbers. We also prove the following theorem. 

Theorem 3. Let T be an arithmetic group of isometries of hyperbolic n-space iJ", 
with n > 1, of the simplest type defined over a totally real number field K. Then 
there exists infinitely many commensurability classes of Salem numbers of the form 
5 ^( 7 ) Jqj- gome hyperbolic element 7 o/T. 

Our paper is organized as follows: In §2, we present background material for the 
paper. In §3, we prove some preliminary algebraic lemmas. In §4, we prove some 
linear algebraic group lemmas. In §5, we prove the hrst half of Theorem 1. In § 6 , 
we prove Theorem 3. In §7, we prove the second half of Theorem 1. In § 8 , we prove 
Theorem 2. In §9, we give the values of for n < 44, and the values of c„ for 
n < 20. In §10, we give an example with K an intermediate field between Q and 
Q(A + A-i). 


2. Background 

Every held K in this paper is a subheld of C, and so every held K in this paper 
is perfect. This means that (1) all the roots of an irreducible polynomial with 
coefficients in K are simple, (2) every hnite extension of K is separable, and (3) 
the algebraic closure AT of AT in C is the separable closure Kg of AT. 

Let i? be a subring of C. A polynomial p{x) is over R if p{x) has coefficients in R. 
A complex number a is an algebraic integer if a is the root of a monic polynomial 
over Z. The set A of all algebraic integers is a subring of C. The ring A is integrally 
closed in C, that is, A contains the roots of every monic polynomial over A, (cf. 
Exercise 4 on p. 39 of HD)- 

Let a be an algebraic integer. A minimal polynomial of ex over Z is a monic 
polynomial p{x) over Z of lowest degree such that p(a) = 0. A minimal polynomial 
p{x) of a over Z is unique, since p{x) is the minimal polynomial of a over Q by 
Theorem 1 of m- 
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Let p{x) be the minimal polynomial of a over Z. The degree of a is the degree 
of p{x). Each root of p{x) is simple, since p{x) is irreducible over Q. The roots of 
p{x) are called the eonjugates of a. The conjugates of a are the algebraic integers 
with minimal polynomial p{x) over Z. 

In this paper, a Salem number is a real algebraic integer A > 1 such that is a 
conjugate of A and all remaining conjugates of A are complex numbers of absolute 
value one. A Salem number is a unit of A. 

A Salem polynomial is the minimal polynomial over Z of a Salem number. Let 
s{x) be the Salem polynomial of a Salem number A. The units ±1 are not roots 
of s(a;), since otherwise we could factor out a: ± 1 from s(a:). Hence the real roots 
of s{x) are A^^. The polynomial s(a;) is over K, and so the complex roots of s(a:) 
pair off into pairs of complex numbers of the form for some real number 9 with 
0 < 9 < TT. Therefore deg A is an even positive integer. We have that 

{x — X){x — A“^) = — (A + A“^)a; + 1, 

with A + A“^ > 2. Hence deg A = 2 if and only if A + A“^ G Z. 

The roots of s{x) are simple and pair off into reciprocal pairs. Let m = degs(x). 
Then s{x) = x™s(x~^). Hence if s(x) = oq + • • • + UmX™, we have that aj = Om-j 
for each j, that is, s{x) is a palindromic polynomial. 

Let fn be the Lorentzian quadratic form in n + 1 variables Xi,..., given by 

fn{x) = xf + ■ ■ ■ + xl - xl+T^. 

The hyperboloid model of hyperbolic n-space is 

iL" = {a; € ]R"+^ : fn{x) = —1 and a;n+i > 0}. 

The orthogonal group of the quadratic form /„ is defined to be 

0(n, 1) = {T G GL(n + 1,R) : fn{Tx) = fn{x) for all x G ]R”+i}. 

Let 0'(n, 1) be the subgroup of 0(n, 1) consisting of all T G 0(n, 1) that leave 
iL" invariant. Then 0'(n, 1) has index 2 in 0(n, 1), since —I G 0(n, 1) and —I ^ 
0'(n, 1), and if T G 0(n, 1) and T ^ 0'(n, 1), then —T G 0'(n, 1). Restriction 
induces an isomorphism from 0'(n, 1) to Isom(iJ"). We will identify 0'(n, 1) with 
the group of isometries of iL". 

Let i? be a subring of C. Let / be a nondegenerate quadratic form in n + 1 
variables Xi,... ,x„+i with real coefficients = aji for all i,j. We say that / is 
over R if G R for all i,j. The orthogonal group of / over R is defined to be 

0(/, i?) = {T G GL(n + 1, R) : f(Tx) = /(x) for all x G ]R”+i}. 

Let A = (aij) be the coefficient matrix of the quadratic form /. Then A is an 
(n + 1) X (n + 1) symmetric matrix over R and /(x) = x‘Ax for all x G We 

have that 

0(/, R) = {Tg GL(n + 1, R) : T^AT = A}. 

Suppose that the quadratic form / has signature (n, 1). This means that there 
exists M G GL(n +1, R) such that /(Mx) = fn{x) for all x G R"’*'^. Then M maps 
the set {x G R”+^ : /„(x) < 0} onto the set {x G R”+^ : /(x) < 0}. Hence the set 
{x G R"+^ : /(x) < 0} is a cone with two connected components. 

If R is a subring of R, let 0'(/, R) be the subgroup of 0(/, R) consisting of 
all T G 0(/, R) that leave both components of the cone {x G R”+^ : /(x) < 0} 
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invariant. Then 0'{f,R) has index 2 in 0{f,R), since —/ G 0(/, i?) and —I ^ 
0'{f,R), and if T G 0{f,R) and T ^ 0'{f,R), then —T G 0'{f,R). We have that 

MO'(n,l)M-i = 0'(/,IR). 

Let K he a. totally real number field and subfield of R, and let Ok be the ring 
of all algebraic integers in K. Let / be a quadratic form over K in n + 1 variables 
with coefficient matrix A = {aij). The quadratic form / is said to be admissible if / 
has signature (n, 1 ), and for each nonidentity embedding ct : iG —)> R the quadratic 
form over criK), with coefficient matrix A’^ = (a(aij)), is positive definite. 

A subgroup r of 0'(n, 1) is an arithmetic group of isometries of 7L" of the 
simplest type defined over K if there exists an admissible quadratic form / over K 
in n + 1 variables, and there exists M G GL(n + 1,R) such that f{Mx) = fn{x) 
for all X G and MTM~^ is commensurable to 0'(/, o^f) in 0'(/, R), that is, 

MTM~^ n 0'(/, Ok) has finite index in both MTM~^ and 0'(/, Ok)- 

A subgroup r of 0'(n, 1) is a classical arithmetic group of isometries of H'^ of the 
simplest type defined over K if there exists an admissible quadratic form / over K 
in n + 1 variables, and there exists M G GL(n + 1,M) such that f{Mx) = fn{x) for 
all X G and MTM~^ C 0'(/, K) with MTM”^ commensurable to 0'(/, Ok)- 

Let r be an arithmetic group of isometries of of the simplest type defined over 
K with respect to an admissible quadratic form /. Then T is a discrete subgroup 
of 0'(n, 1), (cf. §12 of [8]). The hyperbolic orbifold H^/T is compact unless K = Q 
and there exists x 0 in such that f{x) = 0 (cf. §12 of [ 8 ]). Suppose that 

K = Q. If n = 1, 2,3, then H^/T is compact for some / and not compact for some 
/. If n > 3, then H^/T is not compact, since there exists x ^ 0 in such that 

f(x) = 0 (cf. [To] p 75). If n > 1 , then H’^/T has finite volume | 8 ]. 

3. Preliminary Algebraic Lemmas 

The point of departure of our work in this paper is our first lemma, which was 
motivated by Takeuchi’s lemma [29]. 

Lemma 1. Let K be a subfield of C, and let Ok be the ring of algebraic integers 
of K. Let A be an n X n matrix over K such that A™ is over Ok for some positive 
integer m. Then the characteristic polynomial char(A) of A is over Ok- 

Proof. We have that char(A"*) is a monic polynomial over Ok- Hence the roots of 
char(A™) are in A, since A is integrally closed in C. The roots of char(A™) are the 
mth powers of the roots of char(A). Hence the roots ri,..., r„ of char(A) are mth 
roots of the roots of char(A'"). Therefore G A for each i, since A is integrally 
closed in C. Now we have 

char(A)(a;) = {x — ri)(x — r 2 ) ■ ■ ■ (x — r„) 
and so char(A) is over A fl AT o^. □ 

Let i? be a subring of C. A polynomial p(x) over R is said to be irreducible over 
R if whenever p{x) = f{x)g{x) with f{x) and g{x) over i?, then either f{x) or g{x) 
is a unit in R. The next lemma is elementary. 

Lemma 2. Let R be a subring ofC. A monic polynomial p{x) over R is irreducible 
over R if and only if whenever p{x) = fi{x)gi{x) with fi{x) and gi(x) monic 
polynomials over R, then either fi{x) = 1 or gi(x) = 1. 

The next lemma generalizes Gauss’s lemma for monic polynomials over Z. 
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Lemma 3. Let K be a subfield ofC, and let Ok be the ring of algebraic integers of 
K. Let p(x) be an irreducible monic polynomial over Ok- Then p(x) is irreducible 
over K. 

Proof. Suppose p{x) = f{x)g(x) with f(x) and g(x) monic polynomials over K. 
The roots of f{x) together with the roots of g{x) are the roots of p{x). The roots 
of p{x) are in A, since A is integrally closed in C. Hence the roots of f{x) and g{x) 
are in A. Therefore f{x) and g{x) are over A n AT = Ok- As p{x) is irreducible 
over Oki we have that either f{x) = 1 or g{x) = 1 by Lemma 2. Hence p{x) is 
irreducible over K by Lemma 2. □ 

The next lemma generalizes a well known lemma for Salem polynomials. 

Lemma 4. Let K be a subfield o/R, and let Ok be the ring of algebraic integers of 
K. Let p(x) be an irreducible monic polynomial over Ok of degree m = 2i whose 
real roots are X and X~^, with A > 1, and whose complex roots have absolute value 
equal to 1. Then there exists a unique monic irreducible polynomial q(x) over Ok 
of degree I, called the trace polynomial of p{x), such that p{x) = x^q{x + x~^). 

Proof. The polynomial p{x) is irreducible over K by Lemma 3. Hence all the roots 
of p(x) are simple. The polynomial p(x) is over R, and so the complex roots of p{x) 
pair off into pairs of the form for some real number 9. Hence the roots of p{x) 
are ri,rf^,... ,ri,rfi^ with ri = A, and if j > 1, then rj = with 0 < 9j < tt, 
and ii 1 < j < k < £, then 9j < 9k. 

Now we have that ri + rf^ = A + A“^ > 2, and if j > 1, then rj + rj^ = 2 cos 9j. 
Hence ri + rf^,... ,ri + rfi^ is a strictly decreasing sequence of real numbers. 

The equation 

p{x) = x^q{x + x~^) 

implies that q{x) must be monic and the roots of q{x) must be ri Prf'^,..., re+rj^. 
Hence q{x) must be defined by the equation 

q{x) = {x - {ri + rf^)) ■■■ {x - {ri + rfi^)). 

Observe that 

x^q{x + x~^) = x^[{x + x~^ - {ri + rf^)) ■ ■ ■ {x + x~^ - {ri + rfi^))) 

= [x^ - (ri + rf^)x + l) • • • - {ri + rf^)x + l) 

= {x - ri){x - rf^) ■ ■ ■ {x - ri){x - rfi^) = p{x). 

Hence q{x) is the unique polynomial over R such that p{x) = x^q{x + x~^). 

Let Oj be the jth degree coefficient of p{x). The monic polynomials p{x) and 
x^p{x~^) have the same roots, and so p{x) = x^p{x~^). Hence p{x) is palindromic, 
that is, Oj = Om-j for all j. Therefore p{x) is determined by oq, ..., ai. 

Let bj be the jth degree coefficient of q{x). The equation p{x) = x^q{x + x~^) 
implies that each aj can be written as a linear combination of bo,... ,bi over Z. 
Hence there is an (^ + 1) x (£ + 1) matrix M over Z such that 

M(6o, ■ ■ ■,biY = (oo,.. .,aiY. 

As {bo,... ,bi) is the unique solution of the inhomogeneous linear system 

M{xo,.. .,XiY = (oo,.. ., 01 )*, 
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the matrix M is invertible, and so 

(6o, ■ ■ ■, bif = , aeY- 

Therefore bj G K for each j. 

The roots of p{x) are in A, since A is integrally closed in C. Hence the roots of 
q(x) are in A. Therefore q[x) is over A fl AT = o^. 

Suppose q{x) = f{x)g(x) with f(x) and g(x) monic polynomials over Ok- Let 
j = deg(/) and k = deg( 5 ). Then j + k = £ and 

p{x) = x^q(x + x~^) = {x^ f{x + {x^g{x + 

The polynomials x^ f{x + x~^) and x^g{x + x~^) are monic. Hence we have either 
x^ f{x + x~^) = 1 or x^g{x + x~^) = 1, since p(a;) is irreducible over Ok- Therefore 
either f{x) = 1 or g(x) = 1, and so q(x) is irreducible over Ok by Lemma 2. □ 

The next lemma was communicated to us by David Boyd. 

Lemma 5. Let K be a number field. Then K is totally real if and only if there is 
a Salem number X sueh that K = Q(A + A“^). 

Proof. Suppose A is a Salem number and K = Q(A + A“^). Let p{x) be the Salem 
polynomial for A of degree 2t. By Lemma 4, there is an irreducible polynomial q{x) 
over Z such that p{x) = x^q{x + x~^). The polynomial q{x) is irreducible over Q by 
Lemma 3. Hence q{x) is the minimal polynomial of A + A“^ over Q. Moreover all 
the roots of q{x) are real by the proof of Lemma 4. If cr : AT —>■ C is an embedding, 
then there exists a root /3 of q(x) so that cr(A + A“^) = ft (cf. [17] p 171). Hence AT 
is totally real. 

Conversely, suppose K is totally real. Then there exists a Pisot number a 
such that AT = Q(a) by Hilfssatz 1 of [5^ or Theorem 5.2.2 of [Ij. Now a is a 
real algebraic integer with a > 1. Let f{x) be the minimal polynomial of a over 
Z. Then all the roots of f{x) besides a have absolute value less than 1. As AT is 
totally real, all the roots of f(x) are real. Let £ = degf(x). Then 2a is an algebraic 
integer with minimal polynomial g(x) = 2^f{xj2) over Z all of whose roots besides 
2a lie in the interval (—2, 2). Let A be the solution of a: + x~^ = 2a that is greater 
than one. Then h{x) = x^gfx + is a Salem polynomial with Salem number A. 
We have that AT = Q(2a) = Q(A + A“^). □ 

Let AT be a totally real number field and subfield of R. We now give an example 
of a classical arithmetic group of isometries of of the simplest type defined over 
K. By Lemma 5, there is a Salem number A such that K = Q(A + A“^). We have 
that A + A“^ > 2. Therefore the quadratic form 

f[x) = xl + --- + xl-{X + X-^ - 2)xl+i 

is over K and has signature (n, 1). Let cr : AT —>■ R be a nonidentity embedding. 
Then a(X + A“^) = 2 cos 9 for some real number 0 such that 0 < 6 * < tt by the proof 
of Lemma 4. Therefore is positive definite. Thus / is admissible. 

Let M be the diagonal (n + 1) x (n + 1) matrix 

M = diag(l,..., 1, (A + A“^ - 2)“^/^). 

Then we have that f{Mx) = fn{x). Hence T = M~^O'{f, 0 K)M is a classical 
arithmetic group of isometries of 77” of the simplest type defined over K. 
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4. Linear Algebraic Group Lemmas 

In this section, we prove some lemmas that require the theory of linear algebraic 
groups [5]. Let / be a quadratic form over a subfield K of IR of signature (n, 1). We 
are primarily interested in algebraic A-subgroups of GL(n + 1, C) such as 0(/, C) 
with the exception of the quotient algebraic A-group PO(/, C) = 0(/, C)/{±/} 
whose algebraic A-group structure is described in matrix terms in Lemma 7 below. 

Recall that a subgroup L of 0'(n, 1) is a (classical) arithmetic group of isometries 
of A" of the simplest type defined over a totally real number field A if there exists 
an admissible quadratic form / over A in n + 1 variables, and there exists M G 
GL(n+l, R) such that f{Mx) = fn{x) for all x G K"+^, (and MTM~^ C 0'(/, A)), 
with MTM~^ commensurable to 0 '(/, Ox) in 0 '(/,M). 

Let A be a subgroup of a group G. The commensurator of A in G is the group 

C{H) = {g G G : A is commensurable to gHg~^'\. 

If A and A' are commensurable subgroups of G, then C{H) = C{H'), since com- 
mensurability is an equivalence relation on the set of subgroups of G. li (j) : G ^ G' 
is a homomorphism of groups, then (j){G{H)) C C{(j){H)). 

Lemma 6. LetT be an arithmetic group of isometries of , with n even, of the 
simplest type defined over A, then L is a classical arithmetic group of isometries 
of of the simplest type defined over A. 

Proof. There exists an admissible quadratic form / over A in n + 1 variables 
and there exists M G GL(n + 1,R) such that f{Mx) = fn{x) for all x G 
and MTM~^ is commensurable to 0'(/, in 0'(/, R). Define ip : 0'(/, R) —>■ 
SO(/, R) by 'p{A) = (detA)A. Then ip is an isomorphism, since ip restricts to 
the identity map on SO'(/, R) = 0'(/, R) fl SO(/, R) and SO'(/, R) has index 2 in 
both 0'(/,R) and SO(/,R). Let T = ip{MTM~^). Then T is commensurable to 
A = SO(/, Ok), since ip{0'{f, Ok)) = A. 

The group G = SO(/, C) is a connected algebraic A-group for all even n > 2. 
We have that [0(/, C), 0(/, C)] = [G, G] by Theorem 3.23 of [J, and so G = [G, G] 
by Theorem 5.18 of [5]. Hence the character group A(G) of G is trivial (cf. §2.2 
of [S]). The group Gr = SO(/, R) is not compact, since / has signature (n, 1). 
For each nonidentity field embedding cr : A —>• R, the group G| = SO(/‘^,R) is 
compact, since /'^ is positive definite. Therefore A is a discrete subgroup of Gr 
such that Gr/A has finite Haar measure by Theorem 12.3 of [5]. Hence A is infinite, 
since Gr has infinite Haar measure. 

The group of A-points of G is Gr- = SO(/, A). Let G(A) be the commensurator 
of A in G. We claim that Gk G G(A). Let G G Gk- Then there exists a 
positive integer m such that mG and mG~^ are over Ok- Let A^ be the congruence 
subgroup of A. Let A G A^- Then A = I + mfB with B over Ok- Now 
GAG“^ = / -I- m^GBG~^ is over ok- Hence GA^G”^ C A, and so A^ C G“^AG. 
Likewise G~^AmG C A, and so A^ C GAG“^. Therefore Km C A n GKG~^ and 
Am C A n G“^AG, and so A n GAG“^ and A n G~^KG are of finite index in A. 
Applying conjugation by G to A fl G“^ AG gives that GAG“^ fl A is of finite index 
in GAG-b Hence G G G(A). Therefore Gr C G(A). 

The center of G is trivial by Theorem 3.23 of [2], and so G is isomorphic to 
its adjoint group (cf. §3.15 of [7]). The group G is simple by Theorems 5.20 and 
5.27 of [2]. The group Gr is Zariski-dense in G by (3) in §5.4 of [S]. Hence G(A) 
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is Zariski-dense in G, since Gk C C'(A). Therefore A is Zariski-dense in G and 
C'(A) C Gk by the if-version of Lemma 15.11 of [ 6 ] (cf. Remarks on p 106 of [ 6 ]). 
As r is commensurable to A in G, we have that 

rcG(r) = G(A) = GK. 

As i/’(0'(/, K)) = Gif, we have that MTM~^ C 0'(/, K). Therefore T is a classical 
arithmetic group of isometries of iL” of the simplest type defined over K. □ 

Let / be a nondegenerate quadratic form in n + 1 variables over a subfield K 
of M with n odd, and let A be the coefficient matrix of /. The general orthogonal 
group of / (cf. [15] p 154) is the group 

GO(/) = {B G GL(n + 1, C) : B*AB = bA for some b G C}. 

If B G GO(f) and B*AB = bA with 6 G C, then bl = B^ABA~^, and so & ^ 0 and 
b is uniquely determined by B. We write n{B) for b. If c G C*, then cl G GO(f) 
and pL{cI) = (?. Hence, the map /r : GO(/) —> C* is an epimorphism with kernel 
equal to 0 (/). 

If i? G GO(/) and b = fJ.{B), then (detS)^ = and so detH = ± 6 ^"+^)/^. 
The general special orthogonal group of / (cf. [15] p 154) is the group 

GSO(/) = {Bg G0(/) : detR = feG+LG ^ith b = fi{B)}. 

Let D = {cin+i : c G C*}. Then H is a normal subgroup of GO(/). The 
projective general orthogonal group of / is the group PGO(/) = GO(f)/D. 

Let GO(/, AT) = GO(/)nGL(n + l, AT). Suppose H G GO(/, AT). Then AH = 
bA with b = /i(B). Hence b G A'*. Now B represents an equivalence from / to bf 
over AT, and so / and bf have the same signature If p q, we must have 

b > 0. If / is an admissible quadratic form over a totally real number field AT and 
n > 3, then we have that a{b) > 0 for each field embedding u ; AT —>■ R, that is, b 
is totally positive (cf. [11] p 401). 

Lemma 7. Let f be a quadratic form in n + I variables over a subfield AT o/ R 
of signature (n, 1) with n odd and n > 3. Let PO(/) be the algebraic K-group 
0(/, C)/{±/}, and let PO(/)i<- be the group of K-points o/PO(/). Then 

PO{f)K = {{± 75 ^?} : B G GO(/, K) and b = fi{B)}. 

Proof. Let tt : 0(/) —>■ PO(/) and p : GO(/) —>■ PGO(/) be the quotient maps. 
Then tt and rj are AT-homomorphisms of algebraic AT-groups by Theorem 6.8 of 
[7]. The inclusion map v : 0(/) —?> GO(/) is a AT-homomorphism. By the Uni¬ 
versal Mapping Property (13 p 94), the inclusion v : 0(/) —>■ GO(/) induces a 
AT-homomorphism v : PO(/) —>■ PGO(/) such that Ttt = rjv. If B G 0(/), then 
v{{±B}) = DB, and so T is a monomorphism. Now assume that B G GO(f), and 
let b = p.{B). Then detB = Hence det(-^B) = ±1. We have that 

v{{±-^B}) = DB, and so v is onto, and therefore u is a group isomorphism. 

Let AT be the algebraic closure of AT in C. Then tt maps 0{f)j^ = 0(/, AT) 
onto PO{f)j^ and 77 maps GO{f)-i^ = GO(/, AT) onto PGO(/) 7 ^ (cf. [7] p 99). As 
V : 0(/) —^ GO(/) is a AT-homomorphism, u(0(/, AT)) C GO(/, AT). Therefore 
v{PO{f)j^) C PGO(/)-^. Let B G GO(/, AT) and let b = p{B), then b G K, 
and so 'Jb G K. Hence -^B G 0(/, AT). Therefore {±-^B} G PO(f)j^ and 
u({±^B}) = DB. Hence v(PO(f)T^) = PGO(/)^. 


10 


VINCENT EMERY, JOHN G. RATCLIFFE AND STEVEN T. TSCHANTZ 


The Galois group Ga\{K/K) acts on 0{f,K) and GO{f,K) coordinate-wise, 
and acts on PO{f)j^ and PGO{f)j^ so that the quotient maps tt : 0(/) —>■ PO(/) 
and rj : GO(/) —>■ PGO(/) commute with the action of Gal{K/K) (cf. [7] p 31). As 
u is a AT-homomorphism, v commutes with the actions of Gal{K/K) on PO(/)-f^ 
and PGO(/)-^ (cf. [3 P 31). 

The group PO{f)K is the subgroup of PO(/)j^ of elements fixed by Gal(A'/Ar), 
and PGO{f)K is the subgroup of PGO(/);^ of elements fixed by Gal(Ar/Ar) (cf. 
§AG.14 of [7]). Therefore v restricts to an isomorphism U* : PO(/)k —?> PGO{f )K- 
Let ( : D ^ GO(/) be the inclusion. Then C is a AT-homomorphism. The short 
exact sequence of algebraic A'-groups and AT-homomorphisms 

l^D ^ GO(/) PGO(/) ^ 1 

determines an exact sequence of Galois cohomology groups and homomorphisms 

I^Dk^ GO{f)K ^ PGO(/)xA H\K,D) 

with a restriction of C and ry* a restriction of rj by the discussion in §1.3 of [5] 
and Proposition 1.17 and Corollary 1.23 of [9]. The algebraic AT-group D is AT- 
isomorphic to the cartesian product (C*)"+^, and so H^{K, Zl) = 0 by Proposition 
1 on p 72 of [27] and induction on n. Hence m(GO(/)/f) = PGO(/)x. We have 
that GO(/)k = GO(/, AT), and so 

PGO{f)K = {DB : B G GOif,K)}. 

Therefore 

PO{f)K = v:\PGO{f)K) = : B G GO(/, K) and b = ^Ji{B)}. □ 

Lemma 8. Let f be a quadratic form inn+1 variables over M of signature (n, 1) 
with n odd and n > 3. Then the algebraic ^-group PSO(/) = SO(/, C)/{±/} is 
R-simple (no nontrivial proper normal R-subgroups). 

Proof Let 0(/) = 0(/,C) and SO(/) = SO(/,C). We have that [0(/),0(/)] = 
[SO(/), SO(/)] by Theorem 3.23 of ||, and SO(/) = [0(/), 0(/)] by Theorem 5.18 
of [2]. Hence {±7} is the center of SO(/) by Theorem 3.23 of |2]. Therefore PSO(/) 
is a simple group for all odd n > 5 by Theorem 5.27 of |5]. Hence we may assume 
that n = 3. 

We have that PSO(/) is C-isomorphic to PSL(2, C) x PSL(2, C) by Theorem 5.22 
of |2]. The group H = PSL(2,C) is simple by Theorem 4.10 of [2]. Moreover H is 
nonabelian. Let A^ be a nontrivial proper normal R-subgroup of PSO(/). Then N 
corresponds to a nontrivial proper normal subgroup M oi H x H. We claim that 
M = i7xlorM = lxi7. 

Let tt 2 '■ H X H ^ H he the projection onto the second factor. Then 712 (M) <l H 
and so 7r2(M) = 1 or 77. If 7r2(M) = 1, then M<\ (77 x 1), and so 717 = 77 x 1. Hence 
we may assume that tt 2 {M) = 77. Now MG{Hx 1)<|(77 x 1). Hence MG{H x 1) = 1 
or 77 X 1. If MG{H x I) = 77x 1, then 77 x I C 7V7, and so M = H x H, which is not 
the case. Hence 7l7n (77 x 1) = 1. Suppose (hi, h), (/ 12 , h) G 717. Then {hihf^, 1) £ 
717, and so hi = 7i2. If 7i £ 77 and (7ii,7i2) £ 7V7, then (7i7ii7i“^,/ 12 ) £ 717, and so 
hhih~^ = hi. Hence 7ii £ Z{H) = 1. Therefore 717 = 1 x 77. 

Hence TV is C-isomorphic to PSL(2,C). The group TVr of real points of TV is 
a normal subgroup of PSO(/)r. We have that PSO(/)r = PSO(/, R) by Lemma 
7. The group SO'(/,R) = 0'(/,R) fl SO(/) is the kernel of the spinorial norm 
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map from SO(/,R) to Hence S0^(/, R) is isomorphic to PSL(2,C) by 

Theorem 5.21 of [2]. Define "0 : S0^(/,R) —)> PSO(/,R) by V'(^) = {i^}- Then 
Ip is an isomorphism, since SO^(/,R) has index 2 in SO(/, R) and —I ^ SO^(/, R). 
Therefore PSO(/,R) is isomorphic to PSL(2,C). As PSL(2,C) is a simple group, 
iVK= 1 or PSO(/,R). 

Let 91 and 91 r be the Lie algebras of N and Nr over C and R respectively. 
Then 91 = 91r 0 C (cf. [ 8 ] p 498). Hence dimR(AR) = dimc(A^) = 3. As 
dimR(PSO(/,R)) = 6 , we have a contradiction. Thus PSO(/) is R-simple. □ 

Lemma 9. Let P be an arithmetic group of isometries of iJ" of the simplest type 
defined over K with respect to an admissible quadratic form f, with n odd and 
n > 3, and let M G GL(n + 1,R) such that f(Mx) = fn{x) for all x G and 

P' = MTM~^ is commensurable to 0'(/, Or-) in 0'(/, R). Let T be the image of 
P' in PO(/, R), and let PO(/)r' be the group of K-points of the algebraic K-group 
PO(/) = 0(/,C)/{±/}. ThenVQVO{f)K. 

Proof. Let G = SO(/,C) and G = PSO(/,C). Then G and G are a connected 
algebraic AT-group for all odd n > 3. Let A = SO(/, Or:). Then A is infinite by the 
same argument as in the proof of Lemma 6 . Hence A = PSO(/, Or-) is infinite. 

Define ip : 0'(/, R) —?> PO(/, R) by ip(A) = {±A}. Then ip is an isomorphism, 
since —I ^ 0'(/,R) and 0'(/,R) has index 2 in 0(/,R). Hence ipfT') = T is 
commensurable to ip{0'{f, Or-)) = PO(/, Or:). Let To = P fl G. Then Pq is com¬ 
mensurable to A, since Pq has index at most 2 in P and A has index at most 2 in 
PO(/,oif). 

By Lemma 7, the group of AT-points of G is 

Gk = {{± 75 - 8 } : B G GSO(/, AT) and b = 

Let G G GSO(/,iP) and c = fi{G). Then ^G G SO(/,R). As (-^G)"! = 
•y/cG”^, conjugating by -^G is the same as conjugating by G, and so by the same 
argument as in the proof of Lemma 6 , we have that -^G is in the commensurator 
G(A) of A in G. Let G(A) be the commensurator of A in G. Then Gr- C G(A). 

The algebraic AT-group G is AT-simple by Lemma 8 . The center of G is trivial 
by the proof of Lemma 8 , and so G is isomorphic to its adjoint group (cf. §3.15 
of [7]). The group Gr- is Zariski-dense in G by (3) in §5.4 of [5]. Hence G(A) 
is Zariski-dense in G, since Gk C C{A). Therefore A is Zariski-dense in G and 
G(A) C Gk by the AT-version of Lemma 15.11 of [ 6 ] (cf. Remarks on p 106 of [ 6 ]). 
As Pq is commensurable to A in G, we have that 

roCG(ro) = G(A) = Gif. 

There exists R G 0(/, AT) of order 2 with deti? = —1 by Theorem 3.20 of [2]. 
Now R is in the commensurator G(A) of A in 0(/) by the argument in the proof of 
Lemma 6 . Let R be the image of R in PO(/, AT). Then R is in the commensurator 
G(A) of A in PO(/). 

Let G(Po) be the commensurator of Pq in PO(/). Then G(Po) = G(A), since 
Pq and A are commensurable. Let A G P' with detA = —1, and let A = ip {A). 
Then A G P, and so A G G(Po). Hence RA G G(Po). As det(i?A) = 1, we have 
that RA G G(Po). Hence RA G Gk- Therefore A G PO(/)r: by Lemma 7. Thus 
rcPO(/)if. □ 
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Lemma 10. LetT he an arithmetic group of isometries of H'^ of the simplest type 
defined over K with n odd and n > 3, and let be the subgroup ofT generated by 
the squares of elements o/F. Then F^^^ is a classical arithmetic group of isometries 
of of the simplest type defined over K. 

Proof. There exists an admissible quadratic form / over K in n + 1 variables and 
there exists M S GL(n + 1,M) such that f{Mx) = fn{x) for all x S and 

F' = MTM~^ is commensurable to 0'(/, Ok) in 0'(/, R). The map ip : 0'(/,R) —>■ 
PO(/,R) defined by ip{A) = {±A} is an isomorphism. Let F = ip(T'). We have 
that F C PO(/)k by Lemma 9, and F*^^) C PO(/, K) by Lemma 7. Hence F'^^i C 
0'{f,K), and so M~^ C 0'{f,K). We have that F'^^i is commensurable to 

0'(/, Ok), since F'i^i has finite index in F'. Thus F^^i is a classical arithmetic group 
of isometries of iF" of the simplest type defined over K. □ 

5. Translation lengths and Salem numbers 

There are three types of isometries of hyperbolic n-space iF", namely elliptic, 
parabolic, and hyperbolic isometries. An isometry 7 of FF" is elliptic if 7 fixes an 
actual point of FF”. 

An isometry 7 of FF" is parabolic if 7 fixes exactly one ideal point of FF". There 
are two types of parabolic isometries of FF", parabolic translations and loxodromic 
parabolic isometries. An isometry 7 of FF" is a parabolic translation if in the upper 
half-space model of hyperbolic n-space, 7 is conjugate to a Euclidean translation 
t{x) = X + a with a 7 ^ 0. 

An isometry 7 of FF" is hyperbolic if there exists a geodesic in FF" along which 7 
acts as a translation by a positive distance ^( 7 ). There are two types of hyperbolic 
isometries of FF", hyperbolic translations and loxodromic hyperbolic isometries. An 
isometry 7 of FF" is a hyperbolic translation if in the upper half-space model of 
hyperbolic n-space, 7 is conjugate to a magnification pi{x) = kx with k > \. 

Let 7 be an element of 0'(n, 1). Define the degree of 7 to be n -I- 1. Define the 
root of unity degree, deg]^( 7 ), of 7 to be the number of eigenvalues of 7 that are 
roots of unity. Define the nonroot of unity degree, dego, 3 ( 7 ), of 7 to be the number 
of eigenvalues of 7 that are not roots of unity. We have that 

deg( 7 ) = degi( 7 ) -b deg„„{ 7 ). 

Lemma 11. Let j be an element o/0'(n, 1). Then dego, 3 ( 7 ) is even, and 

(1) if j is elliptic, then dego, 3 ( 7 ) = 0 if and only if j has finite order, 

( 2 ) i /7 is parabolic, then degg^( 7 ) = 0 if and only if there is a positive integer 
m such that 7 "* is a parabolic translation, and 

(3) i /7 is hyperbolic, then dego, 3 ( 7 ) > 2, and dego, 3 ( 7 ) = 2 if and only if there 
is a positive integer m such that 7 "* is a hyperbolic translation. 

Proof. Let p{x) be the characteristic polynomial of 7 . Then the eigenvalues of 7 
are the roots of p{x). 

1) First assume that 7 is elliptic. Then the roots of p{x) are all complex numbers 
of absolute value 1 by Proposition 1 of [13]. Hence the roots of p{x) that are not 
roots of unity are complex and occur in complex conjugate pairs, since p{x) is over 
R. Therefore deggo( 7 ) is even. Now 7 is diagonalizable over C by Proposition 1 
of [13] . Hence 7 has finite order if and only if all the eigenvalues of 7 are roots of 
unity. Therefore deggQ( 7 ) = 0 if and only if 7 has finite order. 
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2) Now assume that 7 is parabolic. Then the roots of p{x) are all complex 
numbers of absolute value 1 by Proposition 1 of [13]. Hence the roots of p{x) that 
are not roots of unity are complex and occur in complex conjugate pairs, since p{x) 
is over K. Therefore dego, 3 ( 7 ) is even. Now 7 is a parabolic translation if and only 
if all the eigenvalues of 7 are 1 by Proposition 1 of m- Therefore degoo( 7 ) = 0 
if and only if there is a positive integer m such that 7 ™ is a parabolic translation, 
since the eigenvalues of 7 ™ are the mth powers of the eigenvalues of 7 . 

3) Now assume that 7 is hyperbolic. Then the roots of p{x) are and 

(n — 1) complex numbers of absolute value 1 by Proposition 1 of [13] ■ Hence the 
roots of p{x) that are not roots of unity are and complex roots that occur 

in complex conjugate pairs, since p{x) is over R. Therefore deg(^( 7 ) is even, and 
degoo( 7 ) > 2. Now 7 is diagonalizable over C, and 7 is a hyperbolic translation 
if and only if all the eigenvalues of 7 besides are 1 by Proposition 1 of m- 

Hence degoo( 7 ) = 2 if and only if there is a positive integer m such that 7 ™ is a 
hyperbolic translation. □ 

Lemmas 6 and 10 and the next theorem imply the first half of Theorem 1. 

Theorem 4. Let T be a classical arithmetic group of isometries of hyperbolic n- 
space iL" of the simplest type defined over a totally real number field K. Let 7 be 
a hyperbolic element o/P, let (.{pf) he the translation length of and let A = 

Then 

(1) X is a Salem number, and 

deg(A) = degji{X)[K : Q] and degj^iX) = deg^( 7 ) < n + 1, 

(2) K is a subfield o/Q(A + A“^), and 

[Q(A + A-i) : K] = deg^( 7)/2 <{n+ l)/2, 

(3) K = Q(A + A“i) if and only j/deg^( 7 ) = 2. 

Proof. (1) There exists an admissible quadratic form / over K in n + 1 variables, 
and there exists M G GL(n + 1,R) such that f{Mx) = fn{x) for all x G 
and T' = MTM~^ C 0'{f,K) with P' commensurable to 0'(/, Oif). Let 7 be a 
hyperbolic element of P. Then 7 ' = MjM~^ G 0'(/, K), and there exists a positive 
integer m such that ( 7 ')”^ G 0'(/, o^). Let p{x) be the characteristic polynomial 
of 7 . Then p{x) is the characteristic polynomial of 7 '. Hence p{x) is a monic 
polynomial over by Lemma 1. The real roots of p{x) are A and A“^, as simple 
roots, and possibly 1 or — 1 , as simple or multiple roots, and the complex roots of 
p{x) occur in complex conjugate pairs of the form for some real number 9 with 
0 < 0 < 71 by Proposition 1 of [Si- 

Let p{x) = pi{x) ■ ■ ■ pk{x) be a factorization of p{x) into a maximum number of 
monic polynomials over Ok of degree at least one. Then Pj{x) is irreducible over 
Ok for each j by Lemma 2. By reindexing if necessary, we may assume that A“^ is 
a root of pi(x). Then A“^ is a simple root of pi(x), and ±1 is not a root of pi(x), 
since otherwise we could factor out a: ± 1 from pi(x) over Ok- 

We claim that deg(pi(a:)) > 1. On the contrary, assume that pi(x) = x — 

Then A“^ G Ok- If it! = Q, then Ok = and so A“^ G Z, which is a contradiction, 
since 0 < A“^ < 1. Now assume K <Q. Then K has a nonidentity embedding 
CT : iL —>■ M. Let ( 7 ^'^ be the matrix over <j{K) obtained from the matrix 7 ' over 
K by applying a to the entries of 7 '. Then (j'y G 0(/‘^, cr{K)) and /'^ is positive 
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definite. Hence the roots of the characteristic polynomial p'^{x) of complex 

numbers of absolute value 1. Therefore the root of Pi{x) = x — a{X~^) has absolute 
value 1. Hence tT(A“^) is a real number of absolute value 1, and so cr(A“^) = ±1, 
and therefore A“^ = cr“^(±l) = ±1, which is a contradiction. Thus deg(pi(a;)) > 1. 

We claim that A is a root of pi{x). On the contrary, assume that A is not a root 
of Pi (a;). The complex roots of pi(a;) occur in complex conjugate pairs of the form 
e±iO gQjj^g j-gai number 0 with 0 < 0 < tt, since pi(x) is over K.. The constant 
term of pi(x) is the product of the negatives of the roots of pi(x). Hence the 
constant term ofpi(x) is —A“^, which is a contradiction, since A“^ ^ Ok, otherwise 
we could factor out x — A“^ from pi(x) over Ok- Therefore A must also be a root 
of pi(x). 

Therefore the real roots of pi(x) are A and A“^, and the complex roots of pi(x) 
occur in complex conjugate pairs of the form with 0 < 9 < tt. The polynomial 
Pi(x) is irreducible over K by Lemma 3, and so pi(x) is the minimal polynomial of 
A over K. Hence deg^^(A) = deg(pi(x)). 

We claim that no root of pi (x) is a root of unity. On the contrary, assume that 
Pi(x) has a root u that is an mth root of unity for some positive integer m. Then 
Pi(x) is the minimal polynomial of u over K, since pi(x) is irreducible over K. Now 
w is a root of x"* — 1. Hence pi(x) divides x™ — 1. Therefore all the roots of pi(x) 
are roots of unity, which is a contradiction, since A is not a root of unity. Hence no 
root of Pi (x) is a root of unity. 

There exists a G K such that K = Q(a) by Theorem 14 on p. 185 of m- Let 
fa be the minimal polynomial of a over Q, and let ai,..., be the roots of /a(x) 
in C with a = ai. Then d = [iL : Q]. Let cti, ..., tr^ be the embeddings of K into 
R. Then by reindexing, we may assume that crj(a) = aj for each j. Then ui is the 
inclusion K C K and = Q(Qfi) for each j (cf. [17] p 171). 

The field K* = Q(ai,... ,ad) is the splitting field of fa{x). Define the polyno¬ 
mial Pi (x) over K* by the formula 

P*iY) =pYix)---pY{x)- 

The polynomial p^YY is monic for each j, and so Pi(x) is monic. The field K* 
is a normal extension of Q by Theorem 4 on p. 175 of m, and so K* is a Galois 
extension of Q. 

Let G be the Galois group of K* over Q, and let t G G. Then (tcti, ..., rad) is 
a permutation of (cti, ..., ad) (cf. [17] p 182). Hence we have that (pi)'^(x) = Pi(x) 
for all T G G. Therefore Pi(x) is over Q by Theorem 1 on p. 192 of [T7]. Moreover 
Pi(x) is over A, since pi(x) is over Ok- Therefore Pi( x) is over Z, since AflQ = Z. 

Assume j > 1- The roots of pY (x) are of the form e*® for some real number 6, 
since (y')'^-’ G and is positive definite. As Pi^(x) = pi(x), we 

have that A and A“^ are simple roots of Pi(x), and the remaining roots of Pi(x) 
are complex numbers of absolute value 1. Hence Pi(x) has all the properties of a 
Salem polynomial except perhaps irreducibility. 

Let s(x) be the minimal polynomial of A over Z. Then s(x) is irreducible over 
Z by Lemma 2. Hence s(x) is irreducible over Q by Lemma 3. Therefore s(x) 
is the minimal polynomial of A over Q. Hence s(x) divides Pi(x), and so we can 
write Pi(x) = s(x)t(x) with t(x) a monic polynomial over Q. Let r be a root of 
t{x). Then r is a root of pY (x) for some j. Now pY (x) is irreducible over aj{K), 
since pi(x) is irreducible over K. Hence pY (x) is the minimal polynomial of r over 
aj{K). Therefore pY Y) divides t{x). Hence t(x) = pY {x)h{x) with h{x) over 
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aj{K). Now we have 

(x) = pi{x)h'^i (x). 

Hence A is a root of t{x), which is a contradiction, since A is a simple root of Pi{x). 
Therefore t{x) = 1, and so s{x) = Pi{x). Thus pl{x) is irreducible over Z, and so 
Piix) is a Salem polynomial with Salem number A. Moreover, we have that 

deg(A) = deg(p*(a;)) = deg(pi(a;))[ii: : Q] = deg;^(A)[it: : Q], 


Suppose j > 1. We claim that all the roots of Pj{x) are roots of unity. Now all 
the roots of Pj{x) are of the form e*®, since the roots of Pj{x) are roots of p{x). 
Define the polynomial p* (x) over K* by the formula 

p*{x) =pf{x)---pY{.x). 

The polynomial p'^'°{x) is monic for each k, and so p*j{x) is monic. Each root of 
is of the form e*® for A: > 1, since ( 7 ')'^'“ G ,ak{K)) and is positive 

definite. Therefore all the roots oip*{x) are of the form e*®. By the same argument 
as with pI{x), we deduce that Pj{x) is over Z. Then each root of Pj{x) is a root of 
unity by Kronecker’s Theorem m- Hence all the roots of Pj{x) are roots of unity. 
Thus the roots of pi{x) are precisely the roots of p{x) that are not roots of unity. 
Therefore 

deg^(A) = deg(pi(a;)) = deg,^( 7 ) < n + 1. 

(2) The degree of pi{x) is even, and so there is a positive integer i such that 
deg(pi(x)) = 2i. By Lemma 4, there exists an irreducible monic polynomial q{x) 
of degree £ over Ok such that 

Pi{x) = x^q{x + x~^). 


The polynomial q{x) has A + A ^ as a root, and q{x) is irreducible over K by Lemma 
3. Hence q(x) is the minimal polynomial of A + A“^ over K. Therefore 


[iL(A + A ^) : K]= deg(g(x)) = deg(pi(x))/2. 


Likewise we have 


[Q(A + A-i) : Q] 


deg{pl{x))/2 
deg{piix))[K : Q]/2 
[KiX + X-^):K][K :Q] 
[K{X + X-^):q]. 


AsQ(A+A is a subfield of i4r(A+A ^), we deduce that Q(A + A ^) = iir(A + A ^). 
Therefore if is a subfield of Q(A + A“^). Moreover, we have that 

[Q(A + A”^) : K] = deg(pi(x))/2 = deg^(7)/2 < (n + l)/2. 


(3) Hence [Q(A + A ^) : if] = 1 if and only if deggQ( 7 ) = 2. Thus if = Q(A + A 
if and only if dego, 3 ( 7 ) = 2 . □ 
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6. COMMENSURABILITY CLASSES OF SALEM NUMBERS 
In this section, we prove Theorem 3. 

Lemma 12. If X is a Salem number of degree d, then 

(1) is a Salem number of degree d for each positive integer k, 

(2) there exists a unique Salem number Ai in Q(A) such that if ij. is a Salem 
number of degree d in Q(A), then pL = \\ for some positive integer k, and 

(3) if Xi = pf for some Salem number p and positive integer k, then k = 1. 

Proof. Assume that d > 2. (1) Part (1) is well known. For a proof of (1), see 
Lemma 2 in [^. (2) Salem proved Part (2) on p. 167 of |26) . 

(3) Now A = A^ for some positive integer k by (2), and so Ai has degree d by 

(1). Suppose Ai = p^ for some Salem number p and positive integer £. Then p has 
degree d by (1). Moreover we have 

Qip) = Q(/) = Q(Ai) = Q(At) = Q(A). 

Hence p is in Q(A). Therefore there exists a positive integer m such that p = A™ 
by (2). Hence Ai = = Af™, and so £ = 1. 

Now assume d = 2. Let b = X + A“^. Then the minimal polynomial of A over Z 
is x'^ — bx + 1 with b > 2. Hence we have 

A=^^ = (6± V^2_4)/2. 

Write 6^ — 4 = a^D with a,D positive integers and D square-free. Then Q(A) = 
As deg A = 2, we have that A ^ Q, and so D > 1. 

Let K = Q(-\/iA). Then every element of Ok is of the form g + h^/D with 
g,h G ^Z. The norm oi g + h\/13 in Ok is 

N{g hVlX) = {g + hVD){g — h^/15) — g^ — hfD. 

The norm is a multiplicative function. Hence if u is a unit of 0 i<-, we have that 
N{v) = ±1. 

Let u > 1 be a unit of Ok- We claim that u is a Salem number of degree 2 if 
and only if N{v) = 1. First of all u ^ Q, since A fl Q = Z. Hence deg u > 1, and so 
degu = 2, since Q(u) = Q(A). Write v = g + hy/D with g,h € \'L. Then /i ^ 0, 
since u ^ Q. Observe that v~^ = N{y){g — h'/D) with = ±1. Suppose that 
u is a Salem number of degree 2. Then iy + r'~^ G Z, since x^ — (u + u“^)x + 1 is the 
minimal polynomial of u over Z. Hence iV(u) = 1, since 2h^/lD ^ Z. Conversely, 
suppose N{i') = 1. Then v + = 2g G Z, and so — (u -b z/“^)x + 1 is the 

minimal polynomial of u over Z. Therefore u is a Salem number of degree 2. 

(1) Let fc be a positive integer. Then A^ is a unit greater than 1. We have that 
iV(A^) = N{X)'^ = 1, and so A^ is a Salem number of degree 2. 

(2) Let Ao > 1 be the fundamental unit of Ok- Then every unit in Ok is of the 
form iAg for some k G Z. If N{Xo) = 1, let Ai = Ag, otherwise let Ai = A§. Then 
Ai > 1 and N{Xi) = 1, and so Ai is a Salem number of degree 2. 

Let p he a, Salem number of degree 2 in Q(A). Then p is a unit greater than 1 
such that N{p) = 1. Hence there exists a positive integer k such that p = X\. 

(3) Part (3) is proved by the same argument as in the case d > 2. □ 

A Salem number Ai is said to be primitive if whenever Ai = p^ for some Salem 
number p and positive integer fc, then k = 1. If A is a Salem number, then there 
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exists a unique primitive Salem number Ai and a positive integer k such that A = 
by Lemma 12. 

We say that Salem numbers A and fj, are commensurable if there exists positive 
integers k and £ such that A^ = Commensurability is an equivalence relation 
on the set of all Salem numbers, since if A, fr, v are Salem numbers and k, m, n 
are positive integers such that A^ = and /r™ = u", then A^*" = 

Lemma 13. Let X be a Salem number, let (A) be the commensurability class of X, 
and let Ai be the unique primitive Salem number such that A = Af for some integer 
k. Then (A) = {A” : n zs a positive integer}. 

Proof. If n is a positive integer, then (A")^ = A", and so A" G (A). Let fi G (A). 
Then there exists positive integers £ and m such that A^ = /x™. Let be the 
unique primitive Salem number such that p, = pXf for some positive integer n. Then 
we have that X}^ = By Lemma 12(1), we have that 

Q(Ai) = Q(Af)=Q(/xr) = Q(m)- 

Hence Ai = fii by Lemma 12. Therefore pL G {A" : n is a positive integer}. □ 

It follows from Lemma 13, that (A) i—>■ Ai is a bijection from the set of commen¬ 
surability classes of Salem numbers to the the set of primitive Salem numbers. The 
next theorem is an enhanced version of Theorem 3. 

Theorem 5. Let T he an arithmetie group of isometries of H’^ , with n > 1, of 
the simplest type defined over a totally real number field K. Then there exists 
infinitely many commensurability classes of Salem numbers of the form for 
some hyperbolic translation 7 m T. 

Proof. Assume first that n = 2. On the contrary, assume that there are only 
finitely many commensurability classes of Salem numbers of the form for some 
hyperbolic translation 7 in T. Let Ai be the finite set of corresponding primitive 
Salem numbers. Let 7 be a hyperbolic element of T. Then 7 is either a hyperbolic 
translation or a glide reflection. In the latter case 7 ^ is a hyperbolic translation. 
Now 7 is an element of the matrix group 0'(2,1). The eigenvalues of 7 are of the 
form ±1 and A^^ for a Salem number A = by Lemma 6 and Theorem 4. We 
have that A^ = = e^^'* ^ with 7 ^ a hyperbolic translation. Hence there exists 

Ai G Ai and a positive integer k such that A = A^ by Lemma 13. 

All parabolic elements of T are parabolic translations, and so have all eigenvalues 
equal to 1. All elliptic elements of T have finite order, since T is discrete. Now H^/T 
has finite area, and so T is finitely generated by Theorem 10.1.2 of [3]. Hence there 
are only finitely many conjugacy classes of elements of T of finite order by Corollary 
10.3.3 of [3]. Let 0 be the set of all the eigenvalues of all the elliptic elements of T. 
Then 0 is a finite set of roots of unity by Lemma 11(1). Therefore [Q(Ai U 0) : Q] 
is finite by Proposition 5 on p. 165 of since Ai U 0 is a finite subset of A. 

Let evT be the set of all the eigenvalues of elements of T. Then we have 

Q(evr) C Q(Ai U 0). 

Hence [Q(evr) : Q] is finite. However [Q(evr) : Q] is infinite by Theorem 3.1 of 
[14) . Therefore there must be infinitely many commensurability classes of Salem 
numbers A of the form for some hyperbolic translation 7 in T. 

Assume now that n > 2. Then there exists an admissible quadratic form / over 
AT in n -b 1 variables, and there exists M G GL(n + 1,M) such that f{Mx) = fn{x) 
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for all X € and MTM ^ is commensurable to 0'(/, Or) in 0'(/, R.). We have 

that R)M = 0 '(n, 1 ), and F is commensurable to Or)M in 

0 '(n, 1 ). 

The form / can be diagonalized over K. Let A be the (n +1) x (n +1) coefficient 
matrix of /. Then there is a matrix C G GL(n +1, K) and a diagonal matrix D such 
that C*AC = D hy Corollary on p. 107 of [24]. Moreover D is the coefficient matrix 
of a diagonal quadratic form /' equivalent to / over K with f(Cx) = f'{x) for all 
X S The quadratic form /' is also admissible, since for each nonidentity 

embedding tr : iF —)> R, we have that A"^= D'^, and D'^ is the matrix of 
(/')"• 

We have that C ^0'{f,K)C = 0'{f',K). The group C ^O'{f, 0 K)C is com¬ 
mensurable to 0'(/', Or) by Lemma 2.2 of [1]. Hence Or)M is commen¬ 
surable to , Ok)C~^M in 0 '(n, 1 ). 

Suppose 

/'(x) = aixf H-h an+lxl_^_^. 

As the signature of /' is (n, 1), exactly one coefficient at is negative and the rest 
are positive. By permuting coordinates, we may assume that a„+i is negative. 

Let B be the (n-|-l) x (n-|-l) diagonal matrix defined by 

B = diag(a)■^/^ ..., (-a^+i)"^/^). 

Then f'{Bx) = fn{x) for all x G Let F' = B~^0'{f', 0 k)B. Then F' is an 

arithmetic group of isometries of iF" of the simplest type over K. We have that 

M-^CO'{f, 0 k)C-^M = M-^CBT'B-^C-^M, 

and F is commensurable to M~^CBT'B~^C~^M in 0'(n, 1). As f{Mx) = fn{x) = 
f'{Bx) and f{Cx) = /'(x), we have that fn{B~^C~^Mx) = /n(x). Hence we have 
that ±B~^C~^M G 0'(n, 1). In other words, F is commensurable to F' in 0'(n, 1) 
in the wide sense. 

The binary quadratic form 

flYY ~ Rn —iJ'n —1 ^n+l^n+1 

over K is admissible. Let B 2 be the 3x3 diagonal matrix defined by 
B 2 = diag(a;;;l(^a“^/ 2 , (-a^+i)"^/^). 

Then / 2 (i? 2 x) = / 2 (x) for all x G R^. Let F 2 = BY^O'{fY °k)B 2 - Then F 2 is an 
arithmetic group of isometries of of the simplest type over K. Hence there are 
infinitely many commensurability classes of Salem numbers of the form ^ for 
some hyperbolic translation 7' in F 2 by the case n = 2. 

Let O'(/ 2 , 0 r) be the group of (n -I- 1) x (n -I- 1) block diagonal matrices with 
blocks the (n -I- 1 — 3) x (n -I- 1 — 3) identity matrix and a matrix in 0 '(/ 2 ,or). 
Then 6 '(/ 2 , 0 r) is a subgroup of O'(/', 0 r). Let = i?“^ 6 '(/ 2 , Or)!?. If 7' is 
a hyperbolic translation in F 2 and 7' is the corresponding element of F 2 , then 7' 
is a hyperbolic translation in F^ by Proposition 1 of [13]. Hence F^ is a subgroup 
of F' with infinitely many commensurability classes of Salem numbers of the form 
g ^(7 ) for some hyperbolic translation 7' in F^. Therefore there are infinitely many 
commensurability classes of Salem numbers of the form for some hyperbolic 
translation 7 in F. □ 
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7. Salem numbers and translation lengths 

In this section, we prove the second half of Theorem 1 and provide a sharp 
example for Corollary 2 in dimension 2. 

Lemma 14. If X is a Salem number and K is a subfield o/Q(A + A“^), then 

deg(A) = deg^(A)[7f : Q], 

Proof. As Q C TsT C Q(A + A“^), we have that 

Q(A) C K{X) C Q(A + A-i)(A) = Q(A), 
and so Q(A) = K{X). Therefore we have that 

deg(A) = [Q(A):Q] 

= [Q(A) :Q] 

= [i^(A) :K][X :Q] = deg^(A)[if : Q], □ 

Theorem 6. Let X be a Salem number, let K be a subfield o/Q(A +A“^), and let n 
be a positive integer such that deg^ (A) < n + 1. Then there exists a classical arith¬ 
metic group r of isometries of i7” of the simplest type over K and an orientation 
preserving hyperbolic element j of T such that X = . 

Proof. Let p{x) be the minimal polynomial of A over K, and let s{x) be the Salem 
polynomial of A. Then p{x) divides s{x), and so the roots of p{x) are roots of s(x). 
Hence the roots of p(x) are in A. Therefore p(x) is over Ok- 

The complex roots of p{x) occur in complex conjugate pairs of the form 
for some real number 9 with 0 < 6* < tt, since p{x) is over R. Now X ^ K, since 
[Q(A) : Q(A + A“^)] = 2 by Lemma 4. Hence A“^ is a root of p{x), since otherwise 
the constant term of p{x) would be —A, which is not the case, since X ^ K. 

Therefore the real roots ofp(a;) are A^^, and the complex roots occur in complex 
conjugate pairs of the form with 0 < 9 < tt. The roots of p{x) are simple, since 
p{x) is irreducible over K. Let m = deg{p(x)). Then m is even, say m = 2£. Let 
ri,..., Tm be the roots of p{x) with r 2 j-i = and r 2 j = , with 0 < 9j < tt, 

for j = 1, 1, and r^-i = A“^ and Vm = X. 

Let 7] = log A. Then X = e^. Let M be the block diagonal m x m matrix with 
blocks 

/ cos 0, — sin 0, A ^ ^ ■ n ^ ( cosh r? sinh n \ 

smclj cos9j ) \ smh ?7 coshiy j 

Then M is a hyperbolic element of 0'{m— 1,1) with characteristic polynomial p{x), 
since the eigenvalues of M are and Moreover detM = 1, 

and so M is an orientation preserving isometry of iJ". 

Define a vector v in R™ by 

u=(l,0,1,0,...,1,0). 

Let Wj = M£~^v for j = 1,... ,m. Then wj is the vector 

(cos(j-l)6»i,sin(j-l)6»i,..., cos(j-l)0£_i, sin(j-l)6»^_i, cosh(j-l)? 7 , sinh(j-l)? 7 ). 

Let W be the m x m matrix whose jth column vector is Wj. We claim that W is 
invertible. 
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Let B be the block diagonal m x m matrix with the first m — 1 blocks 


1 —i 
1 i 


and last block 


1 -1 

1 1 


1 —i 
1 i 


1 -1 
1 1 

Therefore we have that 


) = ^2^. Observe that 



cos(2A: — l)6*j cos2k9j \ / 


^ — 2ki9j 

sin(2fc — l)0j sm2kdj J 


^2ki9j 

cosh(2A: — 1)?7 cosh 2 fc ?7 \ 

/ g-(2fc-l)», 

g-2fcr, 

sinh( 2 fc — 1)77 sinh 2 fc ?7 J 

g(2fc-l)»7 

g2fcr, 


BW = 




Vi 


ri 

r2 


—1 


J 


Hence HIT is a Vandermonde m x m matrix. Therefore we have 


det(HlT) = (rk-Tj), 

and so W is invertible, since the roots ri,... ,rm of p{x) are distinct. 

Define an m x to matrix C by the formula C = W~^MW. Let ei,..., be the 
standard basis vectors of M'". Then for j < to, we have that 

Cej = W-^MWcj = W-^Mwj = W-^Wj+i = e^+i. 

Therefore C is of the form 

/ 0 0 ••• 0 Cl \ 

1 0 • • • 0 C2 

(J — 0 1 • • • 0 C3 

V 0 0 • • • 1 ) 

The matrix C has the same characteristic polynomial as M. Hence C must be the 
companion matrix of p{x), and so if 

p{x) = ao + aia; H-+ + x'^, 


then Cj = —ttj-i for j = 1,..., to. Therefore C is over Ok- 
Define an to x to diagonal matrix J by 

J = diag(l,...,l,-1). 

Then J is the coefficient matrix of the Lorentzian quadratic form fm-i{x). Define 
a symmetric to x to matrix A by the formula A = W^JW. Then A is the coefficient 
matrix of a quadratic form / over K in to variables. If a; G M'", then 

f{x) = x*Ax = x^W^JWx = (WxYJWx = fm-i{Wx), 

and so / has signature (to — 1,1) and 

O'if, R) = W-^O'im - 1,1)IT. 

Now M G 0'(to — 1,1) and C = W~^MW. Hence C G 0'(/, Ok)- 
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We claim that / is over K. li x,y G R™, define the Lorentzian inner product of 
X and y iohe X oy = x*Jy. Let A = {ajk)- Then we have that ajk = Wj o wk- The 
matrix M preserves the Lorentzian inner product. Hence if j, k < m, we have that 


Oj+pfc+i = Wj+i o Wk+i = Mwj o Mwk = Wj owk = ajk- 

Therefore the entries of A are all the same on the main diagonal and on all offset 
diagonals. As A is symmetric, to determine A it suffices to determine the first 
column of A, that is, to determine aji for j = 1,..., m. We have that 

Qji = Wj ov = cos(j — 1)01 H-+ cos(j — l) 0 ^_i + cosh(j — VjT]. 

For j = 1, we see that all the elements on the main diagonal of A are equal to 
Now we have 

^ 2 fc-i = cos(j - l) 0 fe - jsin(j - l) 0 fc 
^ 2 fc ^ = cos(j - l) 0 fc + ism(j - l) 0 fc, 

and so 

cos(j - l) 0 fc = ^)/ 2 . 

Likewise we have 

ri^\ = cosh(j — 1 )?; — sinh(j — 1)?7 
= cosh(j - 1 )?? + sinh(j - 1 ) 77 , 

and so 

cosh(j - 1)77 = + <”^)/ 2 . 

Therefore we have that 

Now r\~^ + • • • + is equal to the symmetric polynomial x{~^ + • • • + x^^^ 
evaluated at the roots ri,..., of p(x). Let Sk{xi ,..., Xm) be the fcth elementary 
symmetric polynomial in m variables, and let 

tk — ^k{^l: ■ • ■ : '^m)- 


Then we have that 


p{x) = X™ - + • • • + {-irtm, 

and so tk G Ok for each k = 1,... ,m. By Newton’s identities there is a polynomial 
gj{xi ,..., Xm) over Z such that 

x{-\ - = gj{si{xi, . . . ,Xm), ■ ■ ■ , Smixi, ■ ■ ■ ,Xm))- 

Hence we have 

ri~^ +••• + ?’m ^ = gj-i{ti,...,tm). 

Therefore r{~^ + • • • + r^^ G Ok- Hence 2A is over Ok, and so A is over K. 
Therefore the quadratic form / is over K. In fact / has collected coefficients in Ok, 
since ajj = i and if j 7 ^ k, then ajk + akj G Ok- 

We next show that / is admissible. This is clear if AT = Q, and so assume AT 7 ^ Q. 
Every embedding of K into C extends to an embedding of Q(A + A“^) into C by 
Proposition 8 on p. 171 of m- As Q(A + A is totally real, AT is also totally real. 

Let d = [K : Q], and let ai,. ■ ■ ,^d be the embeddings of K into R with ui the 
inclusion of K into R. Define the monic polynomial p*{x) by the formula 

p* (x) = (ic) • • • (x) ■ 
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By Lemma 14, we have 

deg(p*(x)) = deg{p{x))d = degji{X)[K : Q] = deg(A) = deg(s(a;)). 

By the Galois group argument in the proof of Theorem 4, we deduce that p*{x) is 
over Q. Now s{x) divides p*(x), since s(x) is the minimal polynomial of A over Q. 
Therefore s(x) =p*(x), since deg(s(a;)) = deg(p*(a;)). 

Assume that j > 1. Then the roots of p^^ {x) are simple complex roots that 
occur in complex conjugate pairs of the form for some real number 0. Define 
an m X m block diagonal matrix Mj in terms of the roots of {x) in the same way 
that we defined M . Then Mj is a rotation matrix. Define an m x m matrix Wj in 
terms of Mj and v in the same way that we defined W. Then Wj is invertible by 
the same Vandermonde determinant argument. Define an m x m symmetric matrix 
Aj by the formula Aj = WjWj. Then the quadratic form fj, whose coefficient 
matrix is Aj, is positive definite. The entries of Aj are expressed in terms of the 
coefficients of p°'^ {x) in the same way that the entries of A are expressed in terms of 
the coefficients of p{x). Hence Aj = A"^^ and so fj = . Therefore is positive 

definite. Thus / is admissible. 

Let r = WO'{f,0K)W~^■ Then T is a classical arithmetic group of isometries 
of of the simplest type over K. We have that 7 = M = WCW~^ is an 

orientation preserving hyperbolic element of T such that A = If n = m — 1, 

we are done, so assume that n > m — 1 . 

If V is an m X m matrix, let X be the block diagonal (n + 1) x (n + I) matrix 
with blocks the (n + 1 — m) x (n + 1 — m) identity matrix and X . Then J is the 
coefficient matrix of the Lorentzian quadratic form fn{x). We have that M^JM = J 
and M G 0'(n, I). The matrix W is invertible and C = W~^MW and A = IT* JIT 
and & Ac = A, with C over Ok and A over K. Let / be the quadratic form whose 
coefficient matrix is A. Then / is over K. 

The quadratic form / has signature (n, 1), since f{x) = fn{Wx) for all x G ]R”+^. 
Moreover C G O'(/, 0 k). Assume j > 1. Let fj be the quadratic form whose 
coefficient matrix is Aj. Then fj is positive definite and fj = {f)'^C Therefore / 
is admissible. Let T = ITO'(/, Ok)IT“^. Then T is a classical arithmetic group 
of isometries of iJ" of the simplest type over K with an orientation preserving 
hyperbolic element 7 = M = ITCIT”^ such that A = □ 

The next corollary is a enhanced version of Corollary 1. 

Corollary 5. Let X be a Salem number. Then for eaeh integer n > 0, there exists 
a classical arithmetic group T of isometries of iJ" of simplest type defined over 
Q(A + A“^) and a hyperbolic translation 7 m T such that X = e^^'^K 

Proof. Let K = Q(A + A“^). Then the minimal polynomial of A over K is 

p{x) = (x — X)(x — A“^) = — (A + A“^)a; + 1. 

Hence deg^(A) = 2, and so deg^(A) < n + 1 for each positive integer n. Therefore 
there exists a classical arithmetic group L of isometries of iJ" of the simplest type 
over K and a hyperbolic element 7 of T such that A = by Theorem 6 . Moreover 
7 is a hyperbolic translation by the proof of Theorem 6 , since deg(p(a;)) = 2. □ 

The next corollary follows from Lemma 6 and Theorems 4 and 6 . 
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Corollary 6. Let T he an arithmetic group of isometries of iJ" of the simplest 
type defined over Q, with n even, and let C be a closed geodesic in iJ”/r. Then 
lengtli(C') > bn, and this lower bound is sharp for each even positive integer n. 

Corollary 2 follows from Corollary 6 once we have a sharp non-cocompact exam¬ 
ple for n = 2, since all arithmetic groups of isometries of i?" of the simplest type 
over Q are not cocompact when n > 3. Now A -I- A“^ is an increasing function of A 
for A > 1, and so A is an increasing function of A -I- A“^ for A -f A“^ > 2. Therefore 
the smallest Salem number Ai of degree 2 occurs when Ai -I- A^^ = 3, and so 

Ai = (3 -f VE) /2 = 2.618033988... , 

and we have that 

bi=b 2 = log(Ai) = .9624236501.... 

When n = 2 and A = Ai, the proof of Theorem 6 yields the quadratic form 
/(x) = xl+xl+ 3X2X3 + Xg. 

Now /(I,—1,2) = 0, and so a corresponding arithmetic group T of isometries of 
is not cocompact. Thus we have a sharp example for Corollary 2 when n = 2. 

8. Square-rootable Salem numbers 

In this section, we prove Theorem 2. The first half of Theorem 2 is Theorem 7 
and the second half of Theorem 2 is Theorem 8 below. 

Lemma 15. Let X be a Salem number. Then deg A^ = deg A or 2 deg A. Moreover 
deg A 2 = deg A if and only if either A^ is a Salem number or degA^ = 2 and the 
norm of X^ is —1. 

Proof. We have that Q(A5) = Q(A)(A5). Hence Q(A^) = Q(A) if A^ g Q(A) or 
else Q(A 2 ) is a quadratic extension of Q(A) if A^ ^ Q(A). Therefore we have that 

degA5 = [Q(A^) : Q] = [Q(A5) : Q(A)][Q(A) : Q] = edegA 

with e = 1 or 2 depending on whether or not A 2 g Q(A). 

Suppose deg A 2 = deg A. Let s(x) be the Salem polynomial of A and let p(x) be 
the minimal polynomial of A 2 over Z. Then p{x) is the minimal polynomial of A 2 
over Q by Lemma 3. Hence degp(x) = degs(x). 

As A 2 is a root of s(x^), we have that s(x^) = p{x)q{x) for some q{x) over Z. 
The roots of s(x^) are of the form ±r 2 where r is a root of s(x). None of the roots 
of s(x) are roots of unity. Hence q{x) must have a real root by Kronecker’s theorem 
m- As degg(x) = degp(x) = degs(x), we have that degg(x) is even. Therefore 
q{x) has two real roots and p{x) has two real roots, since s(x^) has four real roots. 

Suppose degs(x) > 4. Then p(x) has a pair of reciprocal complex roots, and so 
p(x) = x'"p(x“^) with m = degp(x), whence all the roots of p(x) occur in reciprocal 
pairs. Therefore p(x) is a Salem polynomial, and so A 2 is a Salem number. 

Now suppose degs(x) = 2. If the other root of p(x) is A“ 2 , then A 2 is a Salem 
number. The other root of p(x) cannot be — A 2 otherwise the constant term of p(x) 
would be —A which is not an integer. Hence if A 2 is not a Salem number, then the 
other root of p{x) must be — A“ 2 , and therefore the norm of A 2 is —1. 

Conversely, if A 2 is a Salem number, then deg A = deg A 2 by Lemma 12(1). If 
deg A 2 = 2 and the norm of A 2 is —1, then deg A = 2 = deg A 2 . □ 
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Lemma 16. If X be a Salem number and K is a subfield o/Q(A + A ^), then 

deg{Xi) = degj^{Xi)[K : Q], 

Proof. As (A5 + A“5)2 = ^ _|_ 2 + A~^, we have that 

Q C a: C Q(A + A”^) C Q(A5 + A-5). 

Hence we have that 

Q(A^) C K{X^) C Q(A5 + A-5)(A5) = Q(A5), 

and so Q(A5) = K{X^). 

Therefore we have that 

deg(A5) = [Q(A^):Q] 

= [Q(A^) :if][X:Q] 

= [K{X^):K][K :Q] = deg^(A^)[X : Q], □ 

Let A be a Salem number, let AT be a subfield of Q(A + A“^), and let p{x) be 
the minimal polynomial of A over AT. We say that A is square-rootable over K if 
there exists a totally positive element a of AT and a monic palindromic polynomial 
q{x), whose even degree coefficients are in K and whose odd degree coefficients are 
in ^/aK, such that q(x)q{—x) = p(x^). We also say that A is square-rootable over 
K via a. 

Lemma 17. Let X be a Salem number and let K be a subfield o/Q(A +A“^). Then 
X is square-rootable over K via a square in K if and only if A 2 is a Salem number. 

Proof. Let p{x) be the minimal polynomial of A over AT. First assume that A^ is a 
Salem number. Let q{x) be the minimal polynomials of A^ over K. We have that 
deg(A 2 ) = deg(A) by Lemma 15, and so degjf(A 2 ) = deg; 4 ;(A) by Lemmas 14 and 
16. Hence deg( 7 (x) = degp(x). 

Now q{x) divides the Salem polynomial of A^, and so the complex roots of q{x) 
occur in inverse pairs, and the real roots of q{x) are A 2 and possibly X~^. Now 
q{x) must have A “2 as a root, since otherwise the constant term of q{x) would 
be —A 2 which is not in AT, since A is not in K. Therefore q(x) = x^q{x~^) with 
m = degq{x). Hence q{x) is palindromic. 

The roots of q{—x) are distinct from the roots of q(x), since otherwise we would 
have q{x) = q{—x), since q(x) and q{—x) are irreducible monic polynomials over AT, 
but this is not the case, since q{x) has only positive real roots. As ±A 2 are roots 
of p(x^), we have that q{x) and q{—x) divide p(x^). Therefore q{x)q{—x) = p{x‘^). 
Hence A is square-rootable over AT via the square 1. 

Conversely, assume that A is square-rootable over K via a square in K. Then 
there exists a monic palindromic polynomial q{x) over AT such that q{x)q{—x) = 
p{x^). As As is a root of we have that A 2 is a root of either q{x) or q{—x). 

By replacing q{x) with q{—x), if necessary, we may assume that A 2 is a root of 
q(x). Hence the minimal polynomial of As over AT divides q{x). Therefore 

deg^(A5) < degg(a;) = degp(x) = deg^(A). 

Hence degA^ < deg A by Lemmas 14 and 16. Therefore degA^ = deg A and either 
As is a Salem number or deg A 2 = 2 and the norm of A 2 is —1 by Lemma 15. 
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Assume that deg = 2. Then deg A = 2. We have that K C Q(A + A“^) = Q, 
and so K = Q. Hence q{x) is the minimal polynomial of A^ over Q. As q{x) is a 
monic palindromic polynomial, the norm of A^ is 1. Therefore A^ must be a Salem 
number. □ 

Lemma 18. Let X be a Salem number such that deg A^ = 2 and the norm of A^ 
is —1, and let K be a subfield o/Q(A + A“^). Then A is square-rootable over K. 

Proof. We have that deg A = 2 and the norm of A is 1. As AT C Q(A + A“^) = Q, 
we have that K = Q. The minimal polynomial of A over Q is 

p{x) = (x — A)(x — X~^) = x^ — (A + A~^)x + 1. 

We have that Q(A^) = Q(\/1 a) with D a positive square-free integer. Now A^ = 
a + b'/D, with a,b G ^Z, and A ”2 = —a -|- b'/D- Let q{x) = {x — A 2 ){x — A“ 2 ). 
Then 

q{x) = xfi — (A 2 -I- A“ 2 ')x + ^ = x^ — 2b'/Dx + 1 
and q{x)q{—x) = p{x^). Hence A is square-rootable over Q via D. □ 

Theorem 7. Let T be an arithmetic group of isometries of hyperbolic n-space iJ", 
with n odd and n > 1, of the simplest type defined over a totally real number field 
K. Let j be a hyperbolic element ofT, and let A = Then A is a Salem 

number which is square-rootable over K. 

Proof. There exists an admissible quadratic form / over AT in n -I- 1 variables, and 
there exists M S GL(n-|- 1,]R) such that f{Mx) = fn{x) for all x G ]R”+^, and T' = 
MTM~^ C 0'(/, K) with T' commensurable to 0'(/, O/f). Let 7 be a hyperbolic 
element of T. Then 7 ' = M^M~^ G 0'(f,R). There exists B G GO(/, AT) such 
that j' = -^B with b = ia{B) totally positive by Lemmas 7 and 9. Let A = 

Then A = and so A is a Salem number with K C Q(A -I- A“^) by Lemma 10 

and Theorem 4(1). 

First assume that 5 is a square in K. Then 7 ' is over K, and the same argument 
as in the proof of Theorem 4(1) shows that A 2 is a Salem number. From the proof 
of Lemma 17, we deduce that A is square-rootable over K via b. 

Now assume that b is not a square in AT. Let L = Kf\/b). Then A is a quadratic 
extension of K. We have that 

[A(A^) : K] = [A(A5) : L][L : K] = 2degi(A^). 

Now we have that L{A^) = K{y/b){A^) = K{A^){'/b) and 

[L(A5) : K] = [K{A^){y/b) : iF(A^)][iF(A^) : K] = edeg^iA^), 

with e = 1 or 2 depending on whether or not 'Jb is in K{A^). Hence degj;^(A5) = 
(l/2)deg;f^(A5) or deg^(A5). 

If degAs = deg A, then A is square-rootable over K by Lemmas 15, 17, and 18. 
Hence, we may assume that degA 2 = 2 deg A by Lemma 15. Then deg;^(A 2 ) = 
2degjf(A) by Lemmas 14 and 16. 

Let p{x) and q{x) be the minimal polynomials of A over AT and A 2 over L, 
respectively. Now 7 ' is over L. Let f{x) be the characteristic polynomial of 7 . 
Then f{x) is the characteristic polynomial of 7 ', and so f{x) is over L. The real 
roots of f{x) are A ^2 and possibly ±1. Hence q{x) divides f{x). Therefore the real 
roots of q{x) are A 2 and possibly A“ 2 . 
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Assume that deg^(A2) = deg;4;(A2). Then degj;,(A2) = 2deg;4;(A). As A2 
is a root of we have that q{x) divides p{x^), and so q{x) = pix^), since 

deg (/(a;) = degp(x^). Therefore —A2 is a root of q{x), which is a contradiction, 
since the real roots of q{x) are positive. Thus we must have 

degL(A 5 ) = (l/ 2 )deg^(A^) = deg;^(A). 

As p{x) divides the Salem polynomial of A, the complex roots of p{x) occur in 
inverse pairs. Now p(x) must have A“^ as a root, since otherwise the constant 
term of p(x) would be —A which is not in K. Therefore deg;^(A) is even, and so 
degj;^(A2) is even. As q{x) divides f(x), the complex roots of q{x) occur in inverse 
pairs. Hence the real roots of q{x) must be A^2. Therefore q{x) = x^q{x~^) with 
m = degq{x), and so q{x) is palindromic. 

The roots of q{—x) are distinct from the roots of q(x), since otherwise q{x) and 
q{—x) would be minimal polynomials over L for a common root, but then we would 
have q{x) = q{—x), but this is not the case, since q{x) has only positive real roots. 
As ±A2 are roots of p{x'^), we have that q{x) and q{—x) divide p{x'^), Therefore 
q{x)q{-x) =p(x^). 

Every element of L is of the form a + cVb with a,c € K. Let r be the auto¬ 
morphism of L over K defined by r(a -I- cVb) = a — cVb. Now q{x)q'^{x) is over 
K, and so q{x)q^{x) = p(x'^), since is the minimal polynomial of A2 over K. 

Therefore q'^{x) = q{—x). Hence the even degree coefficients of q{x) are in K and 
the odd degree coefficients of q(x) are in '/bK. Therefore A is square-rootable over 
K via b. □ 

Theorem 8. Let X be a Salem number, let K be a subfield ofQ{X + A“^), and let 
n be an odd positive integer such that deg;^(A) < n-l- 1 . If X is square-rootable over 
K, then there exists an arithmetic group T of isometries of iL” of the simplest type 
defined over K and an orientation preserving hyperbolic element j in T such that 
X^ = 

Proof. Let p{x) be the minimal polynomial of A over K. As p{x) divides the Salem 
polynomial of A, the complex roots of p{x) occur in inverse pairs. Therefore p{x) 
has A“^ as a root, since otherwise the constant term of p(x) would be —A which is 
not in K. Hence m = degp(a;) is even. 

Assume that A is square-rootable over K. Then there exists a totally posi¬ 
tive element a oi K and a monic palindromic polynomial q{x), whose even degree 
coefficients are in K and whose odd degree coefficients are in -/aK, such that 
q{x)q{—x) = p(x^). Then deg <7(0;) = degp(a;) = m. As A2 is a root of p(x^), we 
have that A2 is a root of either q{x) or q{—x). By replacing q{x) with q{—x), if 
necessary, we may assume that As is a root of q{x). 

The roots of p{x‘^) are of the form ±r 2 where r is a root of p{x). Hence the com¬ 
plex roots of p{x‘^) have absolute value 1 , and so occur in inverse pairs. Therefore 
the complex roots of q{x) occur in inverse pairs. The real roots of p{x^) are A^s 
and — A^2. The constant term of q{x) is 1 , since q{x) is monic and palindromic. 
Therefore q{x) has A“2 as a root, and so the real roots of q{x) are A^2. 

Assume that As is a Salem number. Then deg A 2 = deg A by Lemma 15 , and so 
degjf(A2) = deg^(A) by Lemmas 14 and 16 . Hence deg;^(A2) < n -I- 1 . We have 
that K C Q(A -I- A“^) C Q(A2 -|- A“2). Hence there exists an arithmetic group 
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r of isometries of i?" of the simplest type over K and an orientation preserving 
hyperbolic element 7 in F such that by Theorem 6. 

Thus we may assume that is not a Salem number. Then a is not a square 
in K by Lemma 17 . Therefore L = K{y/a) is a quadratic extension of K. Let 
q{x) = oo + aia; + • • • + amx’^, and let £ = m/ 2 . Then a2j € K ior j = 0 ,... ,£ 
and a2j-i G for j = !,...,£. Let &2j-i = <i2j-i/\f^ for j = Then 

b2j-i & K iov j = 1 ,... ,£. As q{\^) = 0 , we have that 

y/a{h\\^ + 63 A 2 + • • • + 6m—1A ^ ) = — (do + Ct2 A + • • • + ■ 

Now do + d2A + • • • + dmA^ 0 , since £ < m = degp(x). Therefore ^/a G K{Xi), 
and so L is a subfield of K{X2 ). 

Next we show that the roots of are distinct. Assume first that degAa = 
deg A. As A2 is not a Salem number, deg A^ = 2 and the norm of A2 is —1 by Lemma 
15 . Then deg A = 2 . As K C Q(A + A“^) = Q, we have that K = Q. Therefore 
degp(x) = 2 , and so the roots of are A^2 and — A^2. Hence the roots of 

p(a;^) are distinct. Now assume that degAa ^ deg A. Then degAa = 2 deg A by 

Lemma 15 . Hence deg^(A2) = 2deg;4;(A) by Lemmas 14 and 16 . Therefore p(a;^) 
is the minimal polynomial of A2 over K. Hence the roots of are distinct. In 
either case, we have that the roots of q{x) are distinct. 

Let si, S2,. ■., Sm-i = A“2 ^ = A2 be the roots of q{x) taken with S2j = S2j-i 

of absolute value 1 . Say S2j = for j = 1 , ...,£— 1 , and Sm = X^ = e^. 
Then the roots of q{—x) are —si,..., —Sm- As si,..., Sm, —si,..., —Sm are the 
distinct roots of pix^), the distinct roots of p{x) are for A: = 1 ,..., m. Now 

r2j = for j = 1 ,..., A — 1 and = X = . 

Let S = diag(si, S2,..., Sm) and let B be the mx m block diagonal matrix with 

the Hrst m — 1 blocks 


1 —i 
1 i 


and last block 


1 -1 

1 1 


Then M = B ^SB is the block diagonal m x m matrix with blocks 

( cos6j -sindj A ( cosh 7 sinhr; A 

sin6j cos Bj j ’ V sinhr; coshry j 

The matrix M represents a hyperbolic element of 0 '(m — 1 , 1 ) with characteristic 
polynomial q(x), since the eigenvalues of M are , • ■ •, and More¬ 

over det M = 1 , and so M represents an orientation preserving isometry of 77 ". 

Let V = (vij) = be the Vandermonde matrix for the roots of p(x). Then 

V is invertible, since the roots of p(x) are distinct. Let R = diag(ri,... ,rm)- 
Then R = S^. Let C be the companion matrix for p{x). Then C is over Ok and 
VC = RV. Let D = V-^SV. Then = y-^RV = C. Let W = R-^V. Then 

WDW-^ = {B-W){V-^SV){B-^V)-^ = B-^SB = M. 


Let J be the m x m matrix diag(l,..., 1 ,- 1 ). Then M*JM = J. Let A = 
W*.JW. Then A is a symmetric m x m matrix, and as in the proof of Theorem 
6 , we have that A = (X^fcLi and 2A is over Ok- Now A is the coefficient 

matrix of a quadratic form / over K in m variables. If x G M™, then 

f(x) = x*Ax = x*W*JWx = {W xY JW x = fm-i{Wx), 
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and so / has signature (m — 1,1) and 

0'(/,IR) = W-^0'{m - 1, 1)W. 

Now M G 0'(m — 1,1) and D = W~^MW. Hence D G 0'(f,M). The quadratic 
form / is admissible by the same argument as in the proof of Theorem 6. Note that 
as C = -D^, the matrix M^ plays the role of M in the proof of Theorem 6. 

We next show that the matrix ^JaD is over i^T by a Galois group argument. Let 
K = K{si ,..., Sm) be the splitting field of over K, and let G = Gal{K/K). 
As L is a quadratic extension of K contained in iL, there is an index 2 subgroup 
H oi G such that H = Gdl{K/L) by Theorem 3 on p 196 of [T7]. Now K is also 
the splitting field of q{x) over L, and so H is the Galois group of q{x). Hence all 
the elements of H permute the roots si,..., Sm of q{x) among themselves. 

Every element of L is of the form a + Cy/a with a,c G K. Let r be the auto¬ 
morphism of L over K defined by T(a + c^/a) = a — c^/a. Then r extends to an 
automorphism f of if. Observe that 

m m 

n(a; - 'r(sj)) = q^x) = q{-x) = 

1=1 1=1 

Hence we have that t({si, ..., Sm}) = {—si, ■ ■ •, —Sm}- Let a G G. If cr G iff, then 
a extends t and cr({si,..., s^}) = {—si,..., —Sm}- Let tTo- be the permutation of 
the indices 1 ,..., m such that a{sk) = ±s^^(fc) for all fc = 1 ,..., m, with the plus 
sign if and only ii a G H. Then a{rk) = o'(s^) = and so a acts on 

the roots of p{x) via Hence 

= (aK-)) = (a(rr')) = 

that is, (T acts on V by permuting rows via tt^. But then a acts on V~^ by permuting 
columns via Let V~^ = T = {tij). Then 

Now D = V~^SV, and so the Ij-entry of D is dij = ^ikSk^kj- Then 

m 

Ck{dij) — (iS7r„(fe))llir£,(fe),J = idy 

k=l 

with the plus sign if and only if cr G if. Hence {y/aDY = y/aD for all a G G, and 
therefore y/aD is over K. 

Let m be a positive integer such that B = ruy/aD is over Ok- Then detH = 
rrWa^. Let b = rn?a. Then = det B is in Ok- Hence b G ADK = Ok- We have 
that = D, and so B^ = bD^ = bG. 

Let <1) be the congruence b subgroup of 0'(/, Ofc). Then $ is a normal subgroup 
of 0'(/, Ofc) of finite index, since the quotient ring Ok/Y) is finite (cf. [H] p 56). 

Let 111 be the subgroup of 0'(/, R) generated by G and the elements of $ and 
D^D~^. We claim that iL is a subgroup of 0'(/, Ofc). First of all, G G 0'(/, Ofc). Let 
X G Then DXD~^ = DXDG~^. Now BXB is congruent modulo bto B^ = bG, 
and so DXD = BXB/b is over Ofc. Hence DXD~^ G 0'(/, Ofc). Therefore D^D~^ 
is a subgroup of 0'(/, Ofc), and so iIi is a subgroup of 0'(/, Ofc). 

Let A be the subgroup of 0'(/,R) generated by D and the elements of ill. We 
claim that 'll is a normal subgroup of A. It suffices to show that D'$D~^ = ip. As 
C = D^, we have that DCD~^ = C. Now D{D^D~^)D~^ = G^C~^ = $, since 
$ is a normal subgroup of 0'(/, Ofc). Therefore D conjugates the set of generators 
of iL to itself. Hence = ih, and so iP is a normal subgroup of A. 
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Now D is not over K, and so D is not in ip. Hence is a subgroup of index 
2 in A, since = C is in ip. Moreover A fi 0'(/, Ofc) = iP. We have that di 
has finite index in 0'(/, Ofe). Therefore A is commensurable to 0'(/, Ofe). Hence 
r = WAW~^ is an arithmetic group of isometries of of the simplest type 

dehned over K. We have that 7 = M = WDW~^ is an orientation preserving 
hyperbolic element of T such that A 2 = If n = m — 1, we are done, so assume 
that n > m — 1. 

Consider the following 2x2 matrices 


Di 


0 

1 



Cl 



1 0 
0 a 



If A is an TO X m matrix, let X be the block diagonal (n + 1) x (n + 1) matrix 
with (n + 1 — to)/ 2 blocks of the form Xi and hnal block X. Then = C. Now 
H is a symmetric (n + I) x (n + 1) matrix such that A = W*JW. Hence A is the 
coefficient matrix of a quadratic form / over K in n + I variables of signature (n, I) 
with 0'(/,]R) = IT“^0'(n, I)IT. Moreover / is admissible, since / is admissible 
and a is totally positive. We have that I)*Al) = A and WDW~^ = M, and so D 
is in 0'(/,]R). Moreover ^/aD is over K. 

Let TO be a positive integer such that rhy/aD is over Ok, and let b = rn^a. Then 
as above, b G Ok- Let <I> be the congruence b subgroup of 0'(/, Ok), let di be the 
subgroup of 0'(/,]R) generated by C and the elements of $ and and let 

A be the subgroup of 0'(/,]R) generated by D and the elements of Then as 
above, A is commensurable to O'(/, 0 k). Hence T = WAW~^ is an arithmetic 
group of isometries of iL" of the simplest type defined over K. We have that 
7 = M = WDW~^ is an orientation preserving hyperbolic element of T such that 
X^=e^C), □ 


The next corollary is an enhanced version of Corollary 3. 

Corollary 7. Let X be a Salem number. Then for each odd integer n > 0, there 
exists an arithmetic group T of isometries of iL" of the simplest type defined over 
Q(A + A~^) and an orientation preserving hyperbolic element 7 0 /T such that 7 ^ 
is a hyperbolic translation and A 2 = e^C) _ 

Proof. Let A = Q(A + A“^). Then the minimal polynomial of A over K is 

p{x) = (x — X)(x — A“^) = x^ — (X + X~^)x + 1. 

Hence deg; 4 ;(A) = 2, and so deg^(A) < n + 1 for each odd positive integer n. Let 

q(x) = (x - X^)(x - X~^) = x^ - (X^ + X~^)x + 1. 

Then q{x)q{—x) = p{x^). Let a = (A^ + A“ 5)2 = ^ _l_ 2 + A“^. Then a € Ok 
and q{x) = x^ — y/ax + 1. Now a is totally positive, since if ct : A —>• R is a 
nonidentity field embedding, then cr(A + A“^) = 2cosd for some real number Q such 
that 0 < 0 < TT by the proof of Lemma 4. Hence A is square-rootable over K via 
A + A“^ + 2. Therefore there exists an arithmetic group T of isometries of iL" of 
the simplest type over K and an orientation preserving hyperbolic element 7 of L 
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such that A 2 = by Theorem 8 . Moreover 7 ^ is a hyperbolic translation by the 
proof of Theorem 8 , since deg(p(x)) =2. □ 


For example when n = 1 in Corollary 7, the proof of Theorem 8 yields 


^=5 


2 

A +A-i 


A +A-i 
2 



-1 

A +A-i 



A-i 

A 


with A the coefficient matrix of the binary quadratic form 

f(x) = xf + (A + A~^}XiX 2 + x\ 


and C the companion matrix to the minimal polynomial of A over K = Q(A +A“^), 
and V the Vandermonde matrix for roots A“^ and A. Let a = A + A“^ + 2. Then 
we have 

D = K-Miag(A-/=,AV^,^ = ^(; 

with D € 0'(f,R) and = C, and ^/aD and C matrices over Ok- Clearly, the 
eigenvalues of D are A^^^ and We have that A^ = for 7 = WDW~^. 

The next corollary follows from Theorems 7 and 8 . 


Corollary 8. Let T be an arithmetic group of isometries of i7" of the simplest 
type defined over Q, with n odd, and let C be a closed geodesic in /T. Then 
length(C) > Cn, and this lower bound is sharp for each odd integer n > 1. 

Corollary 4 follows from Corollary 8 once we have a sharp non-cocompact exam¬ 
ple for n = 3, since all arithmetic groups of isometries of iL” of the simplest type 
over Q are not cocompact when n > 3. Such an example will be described in the 
next section. 


9. The values of and c„ for small n 


Let Xm,e be the t'th largest Salem number of degree m listed in [22]. Lehmer 
determined the smallest Salem numbers of degree d = 2,..., 10 in [18]. The corre¬ 
sponding Salem polynomials and Salem numbers are 


— 3x -I- 1, 

x"* — x^ — x^ — X -I- 1, 

X® — x"^ — x^ — x^ -I- 1, 
X® — X® — x^ — X® -I- 1, 
x^° -I- X® — x”^ — X® — X® 


A2,1 

A4,1 

^ 6,1 

^ 8,1 

x"'— X®-I-X-I-1, Aio,i 


2.6180339887. 

1.7220838057. 

1.4012683679. 

1.2806381562. 

1.1762808182. 


Recall that 


bn = minjlog A : A is a Salem number with deg A < n -I- 1}. 

From the values of the smallest Salem numbers of degree d = 2,..., 10, we derive 


bi = 
bs = 
bs = 

67 = 

69 = 


&2 = 0.9624236501. 

64 = 0.5435350724. 

be = 0.3373778035. 

bs = 0.2473585132. 

&10 = 0.1623576120. 
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The smallest known Salem number is Lehmer’s smallest 10th degree Salem num¬ 
ber Aio,i. The values of the smallest Salem numbers of degree at most 44 have been 
determined [35], and so 

^10 = fell = • • • = ^44- 

Lemma 19. Let X be a Salem number, let K be a subfield of Q(A -I- A“^), let p(x) 
be the minimal polynomial of X over K, and let m = degp(x). Suppose that X is 
square-rootable over K via a in K. 

(1) //to = 0 mod 4, then p(—l) is a square in Ok- 

(2) //to = 2 mod 4, then there exists k € K* such that _p(—1) = 

Proof. There exists a monic palindromic polynomial q{x), whose even degree coeffi¬ 
cients are in K and whose odd degree coefficients are y/aK, such that q{x)q{—x) = 
p{x‘^). Hence p(—1) = q{i)q{—i). We have that 

q{-i) = q{l/i) = l-^l'^q{l/l) = l-”^q(i). 

Hence we have that p(—1) = i~'^q{ifi. 

(1) Assume that to = 0 mod 4. Then = 1. Hence _p(—1) = If k is an 

odd positive integer, then = (—= —i^. Hence the odd degree terms 

of q{x) cancel in the evaluation of q{i). The roots of q{x) are in A, and so the even 
degree coefficients of q{x) are in An/f = Ok- Therefore q{i) G Ok- Hence p(—l) is 
a square in O/f. 

(2) Assume that to = 2 mod 4. Then i'" = —1. Hence _p(—1) = —q{ifi. If k is an 

even nonnegative integer, then i'^~^ = —i~^ = —(—i)^ = —i^. Therefore the even 
degree terms of q{x) cancel in the evaluation of q{i). Hence there exists k G K such 
tha.t q{i) = y/aki. Therefore p(—l) = As p(—1) 0, we have that fc 0. □ 

Lemma 20. Let X be a Salem number, let K be a subfield o/Q(A -I- A“^), and let 
p{x) be the minimal polynomial of X over K. 

(1) If degp{x) = 2, then X is square-rootable over K via X -\- X~^ -\- 2. 

(2) Ifp{x) = x'^-\-ax^-\-bx^-\-ax-\-l, then X is square-rootable over K if and only 
if there is a positive element k of Ok such that p(—l) = kf and 4 — a±2k 
is a totally positive element of K, in which case X is square-rootable over 
K via 4 — a ± 2k. 

(3) If degp{x) = 4 and K = Q, then X is square-rootable over K if and only if 
p(—1) is a square in Z. 

Proof. (1) We have that 

p{x) = (x — X)(x — A“^) = -b (A -f A“^)a: -b 1. 

Hence A -b A“^ G K, and so K = Q(A -b A“^). Therefore A is square-rootable over 
K via A -b A“^ -b 2 by the proof of Corollary 7. 

(2) Suppose that A is square-rootable over K via a. Then p(—1) = with 
fc G Ox by Lemma 19(1). Now k 0, since _p(—1) 0. By replacing k with —k, if 

necessary, we may assume that k > 0. Let 

q{x) = x'^ -\- cx^ -b dx^ -b ca; -b 1 

such that q{x)q{—x) = p{x^) with c = y/a£ for some £ G K and d G K. Then 
2d — = a and 2 — 2c^ -\- d^ = b. Hence = 2d — a, and so 2 — 4(/ -b 2a -b = 6 . 
Therefore 


d = 2±\/2-2a-b6 = 2± v^p(-l) = 2 ± fc 
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and 

c = ±-\/2(i — a = iV 4 ± 2fc — o. 

As 4 — a ± 2fc = = a£‘^, we have that 4 — a ± 2A: is totally positive. 

Conversely, if fc is a positive element of Ok such that p(—1) = k'^ and 4 —o±2fc is 
totally positive, then we can solve for c and d from the above equations and deduce 
that A is square-rootable over K via 4 — a ± 2A:. 

(3) By (2) it suffices to show that if A is square-rootable over K = Q, then 
4—a-|-2fc is positive. Let be the roots ofp(a;). Then —a = X++ fj,+. 

We have that A -I- A“^ > 2 and /i -I- = 2cos0 for some real number 0, and so 

—a > 0. Therefore 4 — a -I- 2fc > 0. □ 


Recall that 


c„ = min{A log A : A is a Salem number with deg A < n -f 1, 
which is square-rootable over Q}. 


It follows from Lemma 20(1) that 

Cl = C 2 = 5 log A 2.1 = 0.481211825 .... 

The smallest Salem number of degree 4 with Salem polynomial p{x) such that 
p(—1) is a square in Z is 

A 4,6 = ^ ^ + \/2(3-h v^^ = 2.3692054071... 

with Salem polynomial 

p{x) = — 3x^ — a: -|- 1 . 


We have that p(—1) = 1, and so A 4_6 is square-rootable over Q via 3 and 7 by 
Lemma 20(2). Hence we have that 

C 3 = C 4 = i log A 4.6 = 0.4312773138.... 


To finish the proof of Corollary 4, we need a non-cocompact arithmetic group T 
of isometries of and a hyperbolic element 7 of T such that A 4_6 = The 

proof of Theorem 8 yields an arithmetic group L of isometries of of the simplest 
type over Q and a hyperbolic element 7 of T such that A 4_6 = A conjugate of 

r is commensurable to 0'(/, Z) where the quadratic form / has coefficient matrix 



/ 4 1 

7 

13 \ 

, 1 

1 4 

1 

7 

^=2 

7 1 

4 

1 


13 7 

1 

4 y 

= 0 mod 7 with x 

G 

Z^ is X 


by a descent argument, the only solution of f{x) = 0 with x G Z^ is a; = ( 0 , 0 , 0 , 0 ), 
and so the only solution of f{x) = 0 with x G Q"^ is x = (0,0,0, 0). Therefore 
0'(/, Z) is cocompact, and so T is cocompact, which is not what we need. 

Let K = and let w = (1 -I- i'/3)/2. Then Ok = {a + buj : a, b € Z}. 

The group PSL(2, Ok) is a noncocompact arithmetic group of isometries of the up¬ 
per half-space model of hyperbolic 3-space which contains a loxodromic hyperbolic 
element rj represented by the matrix 


0 1 

— 1 UJ 
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We have that A 4,6 = (cf. [23] §4). By Theorem 4.11 of [23 there is a subgroup 
r of PSL(2, C) that is commensurable to PSL(2, Ok) and a hyperbolic element 7 of 
P such that 7 ^ = 77 , and so A 4_6 = Thus the bound c„ is sharp in Corollary 

4 for n = 3. We thank Alan Reid for communicating this example to us. 

In order to find the values of c„ for n > 4, we need to determine when a Salem 
number of degree greater than 4 is square-rootable over Q. In this regard, the 
necessary conditions in Lemma 19 are useful. In practice, we used a more systematic 
method which we describe next. 

Let p{x) be a Salem polynomial for a Salem number A of degree m > 4, and let 
£ = ml2. Let ri, ... ,ri, be the roots of p{x) with ri = A. Choose complex 
numbers Si, S 2 , • ■ •, so that = Vj for each j and si = A^. There are two choices 
for each Sj with 1 < j < I' and so there are a total of 2^“^ choices. Let 

q{x) = {x^ - (si + + 1) ■ ■ ■ (x^ - {si + sj^)x + I). 

Then we have that q(x)q{—x) = p{x^). In order for A to be square-rootable over 
Q, the even degree coefficients of q{x) must be integers and the squares of the odd 
degree coefficients of q{x) must be integers with the same square-free part for some 
choice of si,..., s^. These conditions can be checked numerically. 

We determined that the smallest Salem number of degree 6 that is square- 
rootable over Q is 

A 6.4 = 1.5823471836... 

with Salem polynomial 

p{x) = x^ — X* — 2x^ — x^ + 1 

and 

q{x) = x^ — \Pix^ + x'^ — V^x^ + x'^ — \/2x + 1 . 

Hence we have that 

C 5 = C 6 = i log A 6.4 = 0.2294546519.... 

The smallest Salem number of degree 8 that is square-rootable over Q is Ag^s = 
AL• As ce < 63 , we have that cq = = cs- 

The smallest Salem number of degree 10 that is square-rootable over Q is Aio ,8 = 
A^q I. Hence we have that 

eg = CIO = ^10 = 0.1623576120 .... 

The smallest Salem number of degree 12 that is square-rootable over Q is Ai 2 ,i 6 = 
^ 12 . 1 - Hence we have that cio = cn = C 12 = &io- 

The smallest Salem number of degree 14 that is square-rootable over Q is A 1477 = 
AL Hence we have that C 12 = C 13 = C 14 = 610 . 

The smallest Salem number of degree 16 that is square-rootable over Q is 

A 16.23 = 1.4908316618... 

with Salem polynomial 

p{x) = x^^ — x^'^ — x^'^ — 2x^^ — cc® — 2a;® — a;'^ — a;^ -|- 1 

and 

q{x) = x^^ — \p2 a;^® -I- x'^'^ — \f2 a:^® -|- a;®^ — x^ + x'^ — \p2 a;® -|- — \/2 x -I- 1. 

We have that ^ log Ai 6,23 = 0.199 66 ... , and so we have that C 14 = C 15 = cio = 610 . 
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The smallest Salem number of degree 18 that is square-rootable over Q is Ai 8,22 = 
Afg i. Hence we have that cie = C 17 = cis = &io- 

The smallest Salem number of degree 20 that is square-rootable over Q is A 2 o ,74 = 
A|q i- Hence we have that cig = Cig = C 20 = &io- 


10. An EXAMPLE WITH K AN INTERMEDIATE FIELD 

All the examples of a Salem number A that is square-rootable over K that we 
have considered so far have been with AT = Q or Q(A -I- A“^). In this section, 
we consider an example with K an intermediate field between Q and Q(A -I- A“^). 
Consider the polynomial 

f{x) = — Ax^ — Ax^ -I- 4a; -I- 1. 

The polynomial f{x) is irreducible over Z and has three roots that lie in the open 
interval (—2, 2) and one root that is greater than 2. Hence f{x) is the trace poly¬ 
nomial of the Salem polynomial 

p{x) = x‘^f{x + x~^) = a;® — 4a;^ — 8 a;® — x'^ — 8 a;® — 4a; -I- 1. 

The corresponding Salem number has value A = 4.43861..., and fix) is the mini¬ 
mal polynomial of 

X + X-^ = 1 + V^+ \j2 + y/i = 4.6639 .... 

Now A®/^ = 2.1068 ... has minimal polynomial piz^), since p(a;^) is irreducible 
over Z, and so A®/^ is not a Salem number by Lemma 12(1). The polynomial 

gix) = fix^ — 2) = a;® — 12a;® -|- 44a;® — 60a;^ -I- 25 
is also irreducible over Z. As 

(A^ -I- A“^)^ = A -I- A“® -I- 2, 
we have that g(x) is the minimal polynomial of 

A5 -h A"5 = + + = 2.58145 .... 

Now we have the factorizations 

fix) = (a;2-(2-t\/2)a;-(3-^272)) (a;®-(2-\/2)a;-(3-2\/2)) 

= (a;^ - (2 + 2 ^ 3 ) 3 ; +{2 + V3)) (x'^ - (2 - 2 ^ 3 ) 3 ; +{ 2 - 73)) 

= (a;® - ( 2 -b v^a;- 1 ) (a;^ - ( 2 -y6 )a;- 1 ) 

with A -I- A“® a root of the first factor in each case. This implies that v^, VG € 
Q(A -I- A“®). The polynomial fix) was carefully chosen so that its Galois group is 
a Klein four group. Hence the intermediate fields between Q and Q(A -I- A“®) are 
Q(-\/2), Q(-\/3) and Q(-\/ 6 ) corresponding to the three subgroups of Gal(/(a;)) of 
index 2 by Theorem 3 on p 196 of |17) . 

Let K be one of the fields Q(-\/2), Q(-\/3) or Q(-\/ 6 ), and let /a'(x) be the first 
factor of the above factorization of fix) over K. Then the minimal polynomial of 
A over K is 

PKix) = x'^fxix + x~^). 
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Q (Ai/2 + a-1/2) 




Figure 1. Lattice of considered subfields of 


+ A 2 ) 


li K = Q(-\/2), then pk{— 1) = fK{—2) = 5, which is not a square in Ok, and 
so A is not square-rootable over Q(-\/2) by Lemma 20(2). K = Q(-\/3), then 
1) = /*:(—2) = 10 + 5-\/3, which is not a square in Ok, and so A is not 
square-rootable over Q(-\/3) by Lemma 20(2). 

Now suppose that K = Q(-\/ 6 ), then 

Pic(-l) =/if(-2) = 7 +2V6 = (1 + 

We have that 

Pk{x) = — {2 + v^a;^ -I- — (2 -|- -I- 1. 

Then A is square-rootable over K via a = 4 — y/6 and = 8 + 3-\/6 by Lemma 
20 ( 2 ). 

Let h{x) = x'^ — [6 — ~ 2-\/^ ■ Then we have the factorizations 

g{z) = (^x^ — X — (l + Vg)'^ (^x^ + y/a X — [l + h{x) 

= (^x'^ - a/ 5 a: -I- (l -I- /O)) (^x'^ + a/ 5 a: -I- (l -I- /O)) h{x) 

with A^/^ -I- A“^/^ a root of the first factor in each case. This implies that ^/a, -/S G 
Q(A 5 -I- A“/. The lattice of considered subfields of Q (A^/^ -I- A“^/^) is shown in 
Figure 1, with each line indicating a degree 2 extension. 

Let ri,r 2 ,r 3 = and r 4 = A, be the four roots oipKix). Let 

The matrix A is a symmetric function of the roots of pk{z,), and so the entries of 
A can expressible in terms of the coefficients of pk{z) by Newton identities, which 
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works out to be 



/ 4 

2 + V6 

8 + 4^6 
V44 + 18^6 


2 + ^6 8 + 4^6 

4 2 + V6 

2 + VQ 4 
8 + 4^6 2 + ^6 


44 + 18V6\ 
8 + 4V6 
2 + VQ 
4 


The matrix A has signature (3,1), and the automorphism of K taking ^/6 to —Vh 
takes A to a positive definite matrix, and so the corresponding quadratic form 
f{x) = x^Ax over K is admissible. 

Let L = K(y/a) = Q(-\/a)- The minimal polynomial of + A “2 over L is 
gL^x) = x^ — \fax — (1 + 'fh)- 
The minimal polynomial of A 5 over L is 

gL{x) = z^gL^x + x~^) = x'^ — \/ax^ + (1 — \/h)x^ — \fax + 1, 


and qL{x)qL{—x) = pk{x^) showing that A is square-rootable over K via a. 

Let si,S 2 ,S 3 = A“^/^, and S 4 = A^/^ be the roots of qL{x), taken in order so 
that = Tk each k. Let V be the Vandermonde matrix and let 


Then we find that 


B = 


1 




D 

= V- 

^diag(si, S 2 

; ^35 

S4)H. 


(%- 

-V6 

-1 + V6 

1 - 

-V6 

-6 + y6\ 

3- 

sVe 

2 - 2 V 6 

34 

-2^6 

7 + 3v^ 

3 + 

2y/6 

2-2y/6 

3- 

-3^6 

-3 + 3^6 


-V6 

-i + Ve 

6- 

-V6 

9 + ^6 / 


with a common denominator of \/b for b = Then D € 0'(f,R) and = C 
where C is the companion matrix of pk{x) given by 

/O 0 0 -1 \ 

1 0 0 2 + ^6 
^“010 -1 
Vo 0 1 2 + VhJ 


The matrix D is over L, but y/bD and C are over Ok, and so C G 0'(/, Ok)- As in 
the proof of Theorem 8 , let <f> be the congruence b subgroup of 0'(/, o^) and let 
A be the subgroup of 0'{f,M.) generated by D and <f>. Then A is commensurable 
to 0'(/, Ok). Hence L = WAW~^ is an arithmetic group of isometries of of 
the simplest type defined over K, and 7 = WDW~^ is an orientation preserving 
loxodromic hyperbolic element of T such that A 2 = 

Likewise for L = Q^y/P), we derive a similar conclusion with 


1 


/ 4 + ^6 
7 + 3^6 
-3- 2 V 6 

V-i + ye 


1 - Ve 
8 + 2^6 
8 + 2^6 
1 - Vg 


-1 + VG -4-y6\ 

-3-2^6 13 + 7^6 

7 + 3v% -7-3V6 

4 + VG 21 + 9VgJ 


D = 
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